Chapter 8 Overview: Techniques of Integration

Differentiation is a relatively straight-forward process, though it is sometimes
tedious. That tedium arises from all the algebraic simplifications. The great
difficulty with integration is undoing all that algebra. While there are only 20 or so
derivative formulas, there are hundreds of integration formulas, each undoing a
different simplification. In this chapter, we will concentrate three general
techniques:

e Partial Fractions
e Integration by Parts
e Trig Substitution

Integration by Parts is a formula/process which reverses the Product Rule. It
works in very specific situations where the U-Substitutions do not. Trig
Substitution is a process for dealing with radicals. Partial Fractions undoes
“common denominators” so that U-Sub or trig inverse formulas will work.

All three of these techniques are Algebra-intense, with multiple substitutions and
algebraic manipulations.
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8.1 Rational Integrals

In this section we begin to take a look into integrals of fractions. Most of these
integrals require a lot of algebra. Here are some basic ground rules

1. Before beginning any integral with fractions, the degree of the numerator
must be strictly less than the degree of the denominator. If it isn’t, you must use
long division.

2. If the numerator’s degree is one less than the denominator’s, it is a u-
substitution situation. This may involve some algebraic manipulations we have not

seen until now.

3. If the denominator is quadratic and not factorable, completing the square
may reveal a tan~! integral.

4. If the denominator is factorable, Partial Fractions is the technique to use.

OBJECTIVES

Determine the appropriate technique to apply to a rational integral.

Remember: Based on Completing the Square, there are more widely applicable
versions of the Inverse Trig integral rule:

J#du =l‘[an‘1 “iC

u? + a? a a
1 . u 1 1 u
J—duzsm IZ4+C —  du=-sec’!|5[+C
a’—u’ a jul[Nu? - a? a a
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Decision Chart for JAX *.. a’x
Bx™m+

Is the denominator

factorable? Yes

[ Partial Fractions ]

Polynomial @
Long Division
(i j——{]

A

ENjo Apply f% du=Lnlu|+C

Complete the Square and

227 app yJ =Ltan| % |+c

u+a a a
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3
Ex 1 Evaluate JX +xdx
x —

Do the Long Division and Integrate.
X +x+2

x—1) X*+0x?+x
—(x3—1x2)

x*+x
~(x? x|
2x
-(2x-2)
2

3
i +xdx: x2+x+2+i dx
x—1 x—1

x3 x2
= — 4+ —

T3 +2x+2In|x-1|+C

The integral becomes slightly more complicated when the denominator is quadratic
and not factorable, but let’s first look at a rational function where n=m—1.
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2x—1
Ex 2 —— - d
X Jx2—4x+8 o

J 2x—1 J sz_4+3dx

x2—4x+8 i x> —4x+8
2x—4 3
= +
J(x2—4x+8 x2—4x+8)dx
3
_ 2 _ -
—ln‘x 4x+8‘+fx2_4x+8dx+c

zln‘x2—4x+8‘+?+c

The new integral has n=m—2. We need to use J 2du 5 = l-tan‘1

u-+a a

u
a

+C. Let’s

just look at this new integral:

Ex 3 J%dx
x“—4x+8

To apply the Tangent Inverse rule, we need to complete the square:

3 3
————dx= d
jx2—4x+8 x J (x2—4x+4)—4+8] x

=3 P{;Z]dx
(x—2) +4

v

_ 3. fx—2
—2tan [ 5 J+c

So to go back and finish Example 2:
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Ex 2 (finished): j 2x 1
X

LS N 2_ 9
—4x+8dx ln‘x 4x+8’+.+c

_ ) 3 -1 x—=2
—1n’x —4x+8‘+§tan (Tj+c+c

2
Ex 4 j4x2—3x—2dx
x“—x+1

=4x+ szi dx
x“—x+1
This new fraction has a numerator of one degree less than the denominator.
Therefore, there must be a u-sub. But isu = x> —x+1, then du = (2x—1)dx.

We must manipulate the numerator to get this du.

4)C+J—2x_6 a’x:4x+l —22(x—6) dx
x —=x+1 2) x"—x+1
1( 2x-12

_4x+§J —xz—x+1dx

1 (2x—1-11

) x*—x+1

[ 2x-1 —11

5 dx
1

By ) 3
2) x —x+1 x"—x+1
1

2

1

dx

—2x—1 dx—ﬂj—l dx

) x*—x+1 2 ) x*—x+1

TN SO SN § 1
—4x+2ln(x x+1) Zsz—x+ldx

This new fraction has an un-factorable quadratic denominator, so we will
complete the square.
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1, {1
4x+§1n(x —x+1)—7jmdx

~

:4)c+lln(x2—x+1)—E I dx

2 2 (xz—x+1j—l+l

J

:4x+lln(x2—x+1)—1—1 ;dx

2 2 1V 3
e

Note that this integral fits the Tan Inverse rule, with u = x —% and a=—:

(8

N|§|

1

2. 412

1, (>
:4x+§1n(x —x+1)—? tan T +C
2

NG

1 11 2 1
=4x+=In(x*—x+1)]-—=tan™'| Z=x—— |+ C
R )
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8.1 Free Response Homework

11.

13.

15.

r

x—1

———d
) x*—4x+5 X

) x?—x+2

e ™
J x*+6x+13

r

2x+2
(x2+2x+4)

5 dx

10.

12.

14.

16.
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[ dx
x%+25

( X

e

——d
e +7 o

( 2x3
3™

~

X +x

2—dx
x“+x+1

([ 3

J

x2+6x+13dx

r

x+5

e
X" +2x+5

[ 9x? +18x
X +3x%+5

"3x3+13x2+19x+6d
X

x> +4x+5



8.1 Multiple Choice Homework

l. What is the best method to evaluate _dx ?
x(4x2 — 9)
a) Integration by Parts b)  Substitution c) Partial Fractions

d)  Completing the Square e¢) Formula

2

2. What is the best method to integrate J.;S dx?
X" +x+

a) Integration by Parts
b) Partial Fractions

c) U-Substitution

d) Complete the Square

e)  Long Division

| 9

3. What 1s the best method to evaluate Jz— dx=
x +4x+7

a) Integration by Parts b)  Substitution c) Partial Fractions

d) Completing the Square e) None of these
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a) —e ™ +¢

b) P
C) x—e" +c
d) x+e ™ +c
e) x—e ™ +c
2
x -4
5 dx =
Jx2+4
a) 1ian 1§+c

b) ln‘x2 +4‘+c
c) ln‘xz +4]+ltan‘lf+c
2 2

d) x—4tan‘1§+c

e) x—8tan“%+c
6. Ldtz
r+5
a)  Injr+3+c b) §1n|t+5|+c ¢)  t-5Shfr+5+c
d)  —5Inftr+3+c )  t+5hnft+5+c
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b d
a) 2 ) T c) )

In3 .
8. J ¢ 5 dx:

o (1—€*) +4

T
a) 3
b r
) 4
c) In3
d) ——tan"' (In3)

L U éj
e) 2tan (2
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8.2 Rational Integrals — Partial Fractions

So what about when the denominator IS factorable? Consider these two integrals:

1 3 4x—1
L d | X1
J[x—l+x+2}dx an Jx2+x—2dx

The first integral is easy to do, but the second seems not to be. Actually, though,
they are the same integral. If we make common denominators between

L and i, we see that

x—1 x+2

1 3 1(x+2) 3(x—1)

=1 42 (xi)(v+2) (x+2)(x—1)
(x+2)+3(x—1)
(x=1)(x+2)
:x+2+3x—3
-1)x+2)
_ 4x—1
(x—l)(x+2)

So the question becomes “How can we reverse this process?” The reverse of
common denominators is called Partial Fractions.

Partial Fractions

1. Create separate fractions each with a factor of the original denominator and
dummy variables in the numerators.

2. Recreate the common denominator process.

3. Equate the created numerator with the original numerator.

4. Solve for the dummy variables.
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4x—1
Ex 1 ——d
jx2+x—2 o

1 4x-1 _ 4 B

(x—l)(x+2) x—1+x+2

5 A B :A(x+2)+B(x—1)
' x—-1 x+2 (x—l)(x+2)

3. A(x+2)+B(x—1):4x—1

4. There are several ways to solve for 4 and B. Linear combination,
substitution, and Cramer’s Rule come to mind. The simplest way though, is to
plug in numbers for x that would eliminate one of the dummy variables:.

x=-2= A(-2+2)+B(-2-1)=4(-2)-1=-3B=-9= B=3

x=1= A(1+2)+ B(1-1)=4(1)-1=34=3= 4=1

So,
4x—1 1 3
sz +x—2dx=J{ﬁ+x+2}dx
= Ln(x—1)+3Ln(x+2)+C=
= Ln[(x— 1)(x+2)3}+ C
OBJECTIVES

Determine the appropriate technique to apply to a rational integral.
Apply the Partial Fractions technique.
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Ex 2 j 1 dx

x*—x-2
J ! dx = ;dx Scratch Work
x2—-x=2 (x+1)(x—2)
1 _ A N B
(x+1)(x=2) x+1 x-2
1 A B A(x—2)+B(x+1)

[eri)(x—2) x+1 52" (x+1)(x-2]

1=A(x—2)+B(x+l)
x=2:>3B=1:>B:%
x=—1=>—3A=1:>A:—%

_1 1
! dx = —/3+ /3 dx
x>=x=2 x+1 x-2
1 1 1 1
T3 x+1dx+§fx—2dx

- —%ln‘x+1‘+%ln‘x—2‘+C

| x—2
—Alnx+1+(]

Simple Linear Partial Fractions lead us to our last formula to memorize:

1 1
Y du=—1
Juz—azdu 2an

u—a
u+a

+C

2 2 a

Not to be confused with J#du = ltan‘1 (zj +C
u +a a
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3_ _
Ex 3 jwdx

x>—x—-6
3_ _
jw dx Scratch Work
x°—x—6
3x—4
x“—x—6
xz—x—6> x> —4x—-10
—( 3—962—6)6)
x> +2x-10
—(xz—x—6)
3x—4
3 v T _
jx24x 10, (| r1s 23x 4 }dx
x"—x—6 JL X —x-
=||x+1+ x—4 dx
(x—3)(x+2)
3x—4 A B

(x—3)(x+2):x—3+x+2

-4 4 N B =A(x+2)+B(x—3)
(x—3)(x+2) x=3 x+2 (x—3)(x+2)
3x—4=A(x+2)+B(x-3

Just for variety, let’s consider another way to solve for A and B. (This method
may be more successful in future sections.) Since like term add to like terms, we

can say that
3x=Ax+ Bx and A+B=3
—-4=24-3B 2A-3B=-4
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We can use substitution, linear combinations, Cramer’s Rule — we can even graph
the system of equations to find the solution.

A+B=3 | 4_1B=2
2A-3B=-4
So,
3_ _ T _
dex: plpx=4 |
X°—x—6 (x—3)(x+2)
JL
T 1 2
= +1+ +
) _x x—3 x+2}dx
x2
=7+x+1n‘x—3‘+2ln‘x+2‘+(7
[ x2+2x-1
EX4 X"+ 2x

) 2x3+3x2 - 2x *

[ x?+2x-1 dx—p x> 4+2x—-1 dc
) 2x34+3x% = 2x _J x(2x—1)(x+2)

—pé+ 5 + ¢ dx
_., x 2x—-1 x+2

Scratch Work
é+ B N C
x 2x-1 x+2
) A(2x=1)(x+2)+ Bx(x+2)+ Cx(2x —1)
- x(2x—1)(x+2)

A(2x—1)(x+2)+Bx(x+2)+ Cx(zx—1)=x2 +2x—1
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x2+2x—1 _ 11 1 1 1 1
j2x3+3x2—2xdx_J'[§;+§2x—l+mx+2jdx

1(1 1 1 1 1
—zjzd’”gfzx_ld“mfﬁzdx

1(1 1(1 1 1 1
—zjzd’”g(ﬂzx_lzdx]%fﬁzdx

= %Ln‘x‘+%Ln‘2x—l‘+%Ln‘x+2‘+C

Ex 5 Jde
e 43¢ +2

This integral is a bit trickier. It looks like the numerator is one degree less than the
denominator, but this is an exponential integrand and exponentials have a variable

X

degree. The u — sub { u=

J iy } reveals the true problem:
u=e'dx
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J#dx: PQ; u
e +3e"+2 Ju +3u+2

—_— ( 1

= e t)ur2)™

:_1+1du

J(u+1) (u+2)

=—Infu+1|+Infu+2[+C

u+2
u+l

=ln[e +2}+C
e +1

=In +C

Ex 6 Determine if the Telescoping Series i I

converges or diverges.
Sn(n-1)

=0; so, it passed the Divergence Test.

}ll_{{lo n(n—1)

Passing the Divergence Test means the function is decreasing, so we can
apply the Integral Test.

dx requires partial fractions.

e

A(x—1)+Bx=1
jw I dx= wé+idx x=1->B=1
2 x(x—l) 2 x x-1

x=0—>-A=1->A=-1
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2 x  x-—1

= lim [—lnx+ln(x—1)}z

b—oo

b
— tim| =Y
X

b—oo
12

=ln[hmM —In2
b>w b

=Inl—1n2
=—In2

(o]

Therefore, Y ——

converges by the Integral Test.
o n(n — 1)
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8.2 Free Response Homework

-9 1
1 x—d 2. —dt
J(x—2)(x+5) g J(¢+4)(¢_1)
) (2
3. X dx 4. XL
J x+5 JX“—x
[ -1 [ x-1
5. = d 6. —d
) x?—4x-5 x ) x?—4x+5 x
312 ( x
7 X +2x 12x+1dx g 2e—dx
) x*+x-12 J e +3e" +2
s ) "
9. | A zixml2 TOR
J x(x+2)(x—3) J x*+x-6
Fod 32 3, .2
11 xt+x—x?—x+1 . J' x> +x J
) x> —x dx X5 —4x+20
( 5 x+14
13. —d 14. _
)3 10x+8“ f2x2_7x_4 dx

15. Find the area of the region bounded by y = 2)6;1 and the x-axis from

X" =5x+6
x=410 x=6.
16.  Find the area of the region bounded by y = fxT—élg and the x-axis from
X =2x—
x=-—11t0 x=3.
17.  Find the volume if the region bounded by y = - and the x-axis on
4—-x

X e [—1, 1] 1s revolved about the x-axis.
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18.  Find the volume of a solid where the region bounded by y = S
V3+4x—x*

and the x-axis on x €[0, 4] is revolved about the x-axis.

8.2 Multiple Choice Homework

X
1. N S M
Jx2+2x—8 o

a) %1n(x—2)(x+4)+c b) %1n|x—2|+%ln|x+4\+c
2 1 1 2
c) —§1n|x—2|—§ln|x+4|+c d) —§1n|x—2|—§ln|x+4|+c
& Snfx—2)(x+4)+c
2x-3
2. ————dx=
Jx2+9x+18 &
(x+6)
a) 1n‘(x+9)3(x+2)‘+c b)  Inf—5+c
(x+3)
C) 3ln|x+9|-1In|x+2|+¢ d) ln‘x2+9x+18‘+c

e) 5In|x+6|+3In|x+3|+c
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1 _
3 jx2—5x+4 dr=
a) ~In ;C:i +c b) %ln );:T +c
1 1
0 Fhnfx-4)x-1}+C d) §ln’(x—4)(x+1)‘+C
& ynf[v+a)(x-1j+C
1 —_—
* J oMo+ X7
a) e‘x+%ln Eiti + b) —e‘x—%ln eill +c
C) %ln Zii_i +c d) %ln Zi:i +c
e) e +In ex;1+c
1 _
S e i
a) %ln% +c b) %ln if;‘+c c) %ln‘(x—2)(x+ 3)‘+c
d) (ln|x+3|)(ln|x—2|)+c e) (ln|x—3|)(ln|x+2|)+c
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8.2 Free Response Homework Set B

[ 3 (2%
1. —d 2. _
)13 —a™ | rax+3™
r -8 " 1
3. S 4. d.
) x*+3x-10 x ) x*+x x
([ [ 8x—4
5. X 4 6. d
Jx2® Jx?+2x-3
7 S v 8. S
] (x+2)(x—1) J x*—mx
9 Px—3dx 10.  Does i 1 converge
' ) 2x*—=5x+2 ' nzln(n-l-l)
1 "x3—3x—10dx
) XP—x-6
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8.3: Models of Exponential Growth and Decay

There are three models of growth and decay which we will consider:

Vocabulary:

1. Unbounded Exponential Growth — the rate is directly proportional to the
amount of material present.

2. Simple Bounded Growth — the rate is directly proportional to the amount of
material which has not changed yet.

3. Logistic Growth — the rate of change of y is jointly proportional to the
amount which has changed and to the amount which has not yet been changed.

OBJECTIVES

Understand growth and decay in terms of differential equations.

Solve differential equations in a growth and decay context.

Recognize the carrying capacity in a growth setting.

Determine when the maximum growth rate in a logistic growth setting.
Know the solution to a logistic differential equation.

Unbounded Growth

In previous math and science classes, exponential growth had been explored, and it

was generally considered any growth that followed an exponential equation, like
t

y=y,e".

% = ky. This equation states that the rate of change of y, %, is directly

proportional to y itself. In other words, the rate is determined by the amount of
material present.

But this equation actually arises from solving the differential equation
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Unbounded Growth and Decay are described by the two equations:

Differential Equation: % =ky

General Solution: y= AeM or y, e

The solution comes from separating the variable to solve the differential equation:
%zky%%dyzktﬁjidyzj‘kdtﬁlnb)‘zkt+c%‘y‘:ek’+cey:Ae’“,

y= yoekt 1s how the solution is given in many science and Algebra 2 courses.

Hopefully, we recall the graphs from PreCalculus:

The difference between growth and decay is the sign of the k-value.

EX 1 If there are 100 bacteria in a petri dish and the number doubles every 10
minutes, how long will it take for there to be a million bacteria?

t=0— A=100, so y=100e"
In ten minutes, there will be 200 bacteria, so

200 =100eK10)
7 = K(10)

In2=10k
06931=k
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Therefore, y = 100009311

1000000=100¢-069317

1000():6.069311
In10000=.06931¢

t=132.878 min

EX 2 Radium has a half-life of 1690 years. How much of a 75gm. sample will be
left in 400 years?

We will skip the solving of the differential equation here as we know it will
be y=AeM
5 4= A1)
5 — H16%)
In.5 =4k(1690)

_In5

k= 1690

In.5

00
y=Ae" —y= 75e[169 ) =63.652gm
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Simple Bounded Growth

Differential Equation: % =k(A-y)

General Solution: y=A— Be"

We will demonstrate the solving of this differential equation in the examples,
as this separation of variables is likely to be the FRQ on the AB Exam.

The Simple Bounded Growth and Decay equations look like this:

The decay curve usually has its boundary at y=0.

NB. These problems are often the Separation of Variables Problems on the
AP Calculus FRQ Exam.
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EX 3 Suppose that a population of wolves follows the simple bounded growth
model. If these wolves have a population limit of 5000, the differential equation

would be ‘CZZ_V: = k(5000 w)-

(a)  Find the general solution to the differential equation. Show the steps.

(b) Ifthere are 1000 wolves at time =0 and 1100 at 7 =1, find the particular
solution to the differential equation.

(c) How many wolves are there at time =207

dw _ _
(a) o k(5000 —w)
1

75000_de=kdt

1 _

- f <o (—dw)= [ kar
—1n|5000— wj =kt + ¢
In[S000 —w| = —kr +¢
‘5000—W‘ =g krte
5000 —w=Be ™™
w=5000—Be ™

(b) (o, 1000)% 1000 =5000— Be® — B=4000
(1, 1 100) —1100=5000—4000e*

e ¥=0.975
—k=1n0.975— k=0.025317808
w=5000-4000e"%>%

(©  w(20)=5000~ 4000¢”"%) <2589 wolves,
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Ex 4: AP Calculus 2012 #5

Note the use the first and second derivatives to determine the shape of the curve.

A common instance of Simple Bounded Exponential is Newton’s Law of Cooling
and Heating:

Newtons’ Law of Cooling and Heating states that the rate of change of the
temperature of an object is proportional to the difference between the object's
temperature and the surrounding atmosphere. For cooling (i.e., the object is
warmer than the environment), the differential equation can be written as:

dy _

where y 1s the temperature of the object and A is the temperature of the surrounding
environment.

If the object is colder than the environment and is warming, the equation is

dy _
dl_k(A y)

NB. These two equations are actually the same equation, but, in one case, k 1s a
negative number and in the other £ is positive.
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EX 5 Suppose that some muffins are taken out of the oven and are at a
temperature of 250 F°. The ambient room is at a pleasant 70 F°. In 15 minutes,
they have fallen to 125 F°.

(a)  Find the particular solution to this cooling situation.
(b)  When do the muffins reach 75 F°?
(c)  When do the muffins reach 65 F°?

dy _ 1 (v_ 1 _
(a) dt_k(y 70)—>y_70dy—kdt

Jy —gdy=[kd

ln‘y—70‘ =kt+c
ly—70|=€"* — y—70=Be"

(0,250)—250-70= Be’ — B=180
(15,125)—125-70=180¢""") — k=—0.079

y="70+180e7097"

1 5 )
b ~0.079:¢ 0.079¢ _
(b) 75=70+180¢ —5=180e" —St= e 0791 780 4.536 min

(c) 65=70+180e" 5 5=180e """ >t =error
The biscuits never reach 65°
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Logistic Growth

Logistic growth situations are also bounded, but, unlike Simple Bounded Growth
problems, the growth relies on both the amount changed and the amount
unchanged. The two most common situations modeled by logistic growth
equations are the spread of a disease and the spread of a rumor. Consider a rumor.
The rate at which the rumor spreads is much greater in the beginning. But, as more
people hear the rumor, fewer new people are available hear about it. So, the rate at
which it spreads slows down. A rumor spreading is dependent on how many
people have heard the rumor and how many people have not heard the rumor.
There is a limit to how many people will hear this rumor. This limit is the carrying
capacity.

Three Facts You Need to Know About Logistic Growth:

Given a Logistic growth equation in the forms % = Ky(A— y) or % = ky[l - %J

NB. K and k£ will be different numbers, with K =§

1. tlim y = A-- there is a horizontal asymptote on y of y = 4 (i.e. there is a limit
—> 00

to how many people will hear the rumor, etc.).

2. The maximum growth rate happens at y = g

3. The solution to the logistic growth differential equation % = ky(l — %]

Sy=———.
Y 1+ Be ™™

Note: The AP Biology Exam uses cil—];[ =r N [K;KNJ where r_is the

maximum growth rate and K is the carrying capacity (what is usually denoted as 4
in Calculus).
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Differential Equation: % = ky[l - %J

: A
General Solution: y=—+"—
=he ! Y1 Be "
Logistic growth curves look like this:
y=A
-7 G G G G G G G G @G @ @& @& @&

Note that it looks like an exponential growth curve at the beginning (concave up)
and a simple bounded growth curve at the end (concave down).

The solution is a little complicated and involves a technique beyond the scope of
this class which is called Partial Fractions. For further information and examples,
see the Readable Calculus (BC version) 8.2 and 8.3. Logistic Growth is not a
part of the AP Calculus AB curriculum. On the BC Calculus Exam, logistic
growth is usually a multiple-choice question.
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Ex 5 Consider the logistic growth curve below.

Which of the following statements is false?

a
b)
c)
d)

p—

lim M (1)=12
f—>o0
The fastest rate of growth occurs when M (t) =6.5.

The solution equation is M (t) = l—l—llliz‘o‘”'
-

At =10, M'(t)>0 and M”(t)<0.

lim M (1) =12 is true. The end behavior is the horizontal asymptote

y=A=12.

“The fastest rate of growth occurs when M (t) =6.5"1s false. The fastest
A

rate of growth occurs when M (t) =5 = 6.
M (t) = ﬁ 1s the solution equation.

M ’(t) >0 and M "(t) <0 at =10, because the curve is increasing and

concave up.

So the answer is B.
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In summary,

Exponential Growth

Differential Equation: % =ky

General Solution: y= AeM or y el

Simple Bounded Growth

Differential Equation: % =k(A-y)

General Solution: y=A— BeX

Logistic Growth

y=A

. : . dy Yy
: =ky|1-=
Differential Equation 7 ky( A]

A

General Solution: y= 3B
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8.3 Homework

1. The Body Weight Problem

According to a simple physiological model, an athletic adult needs 20 calories per
day per pound of body weight to maintain his weight. If he consumes more or

fewer calories than those required to maintain his weight, his weight W changes at
a rate proportional to the difference between the number of calories consumed and

the number needed to maintain his current weight. Let
dW
= 0 (3600 —20W), where W is the person’s weight at time ¢ (measured

dt 350
in days).

a)  What is the limit to this person’s weight W(t)?
b)  Assume that the 3600 in the equation is the person’s daily caloric intake. If

that is reduced to 3000, what would be the limit to this person’s weight?

dW 1
¢)  Find the particular solution to = (3600 — 20W)if the person
dt 3500

weights 200 pounds when ¢ = (.
d)  Use your solution in c) to determine how long it would take this person’s
weight to reach 190 pounds. [Show the set up, but solve by graphing.]

2. Alien Population Problem

The rate at which the population of a certain alien creature on another planet grows

A
according to the differential equation — =.005(100—A), where 4 in creatures

at time ¢ days. The equation y = A(t) is the particular solution to the differential
equation wherein there are 10 creatures at time t = 0.

(a)  Find the equation of the line tangent to y = A(t) at (0, 10).

(b)  Use the line tangent found in (a) to approximate the number of creatures at
time t= 12 days.
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dA
(c)  Find the particular solution to d_ =.005(100 — A) with the initial
4
condition A(0) = 10.

(d)  Determine whether the alien creature population is changing at an increasing
or a decreasing rate at time t =12 days. Explain your reasoning.

3. The Ebbinghaus Model Problem

As you know, when a course ends, students start to forget the material they have
learned. One model (called the Ebbinghaus model) assumes that the rate at which
a student forgets material 1s proportional to the difference between the amount y
(material which is currently forgotten) and the total amount of material learned.
Based on this, the rate of loss would be determined by

d
_}t, =k(100-y),

where y is the percentage of material forgotten and t is measured in weeks since
the end of class. At the end of the class (t=0), the students have not forgotten
anything (y =0).

(a)  Find the general solution to the differential equation.

(b)  Find the particular solution to the differential equation if the students have
forgotten half the material (y = 50) after four weeks.

(c) How much material do they still remember after the Summer Break, 10
weeks later?

4. The Hot Coffee Problem

A cup of coffee is made with boiling water at a temperature of 100 C°, in a room at
temperature 20 C°. After two minutes, it has cooled to 80 C°. According to
Newton’s Law of Cooling, the temperature of the coffee follows the differential
equation
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dy
— =k(y-20),
" (y=20)

where y is the temperature of the coffee at time ¢ minutes.
a) Find the particular solution to the differential equation.
b)  What is its temperature after five minutes?

c) The coffee will be perceived as “cold” when the temperature drops below 40
C°. At what time ¢ will this occur?

5. The Ice Cream Tempering Problem

Dr. and Mrs. Quattrin enjoy the occasional pint of Ben & Jerry’s Chocolate Fudge
Brownie, but they prefer to let it soften before digging in. Research shows that ice
cream tempers (softens) more evenly by putting it in the refrigerator rather than on
the kitchen counter. When the ice cream comes out of the freezer, its temperature

is -1 F°. According to Newton’s Law of Cooling, the temperature of the ice cream
follows the differential equation

dy
— =k(37-y),
" (37-y)

where y is the temperature of the ice cream at time ¢ minutes.

a) If the temperature of the ice cream is 2.5 F° after 20 minutes, find the
particular solution to the differential equation.

b)  The ice cream cannot get any warmer than the temperature inside the
refrigerator. What is that temperature. Indicate units.

c) When will the temperature of the ice cream reach 4 F° (the ideal tempered
temperature)?
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6. The Boiled Beet Problem

At time ¢ =0, boiled beets are taken from a pot on a stove and left to cool in a
kitchen. The internal temperature of the beets is 90 degrees Celsius (°C) at time
t =0, and the internal temperature of the beets is greater than 25°C for all times

t > 0. The internal temperature of the beets at time t minutes can be modeled by the

dB 1
function B that satisfies the differential equation — = — Z(B —25), where B(?)

is measured in degrees Celsius and B(0) = 89.

a)  Write an equation for the line tangent to the graph of B(7) at ¢ =0. Use this
equation to approximate the internal temperature of the beets at time ¢ = 3.

d’B

b)  Use — to determine whether your answer in part (a) is an underestimate
dt

or an overestimate of the internal temperature of the beets at time 7 = 3.

c) For 0 << 10, an alternate model for the internal temperature of the beets at
time ¢ minutes is the function b(¢) that satisfies the differential equation

db
=" (b- 25)2/ 3 where b(t) is measured in degrees Celsius and 5(0) = 89.
t

Find an expression for (). Based on this model, what is the internal temperature
of the beets at time ¢ = 3?
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7. The Chinook Salmon Problem

The fishing industry is a major part of California’s economy. A catch-and-release
study of Chinook salmon on the Sacramento Delta near Rio Vista was undertaken
in 2008. Over 60 days, the rate at which new fish were caught and released

followed the equation OCZZ_]; = .004F (100_ F), where a:i_}; was measured in number

of smolt (young salmon) caught per day.

a)  If F(0)=10, whatis lim F(z)?
t—>o0
b) Using the correct units, explain }imF (t)

¢)  If F(0)=25, how many smelt are captured and release when AF s at

its greatest?

d)  Data from a different study showed 62—1: = .004(100— F ), where

F(0)=10. Use separation of variables to solve the differential equation.

8. The Deer Population Proplem

The population of deer in a forest is modeled by Ccli—lt) =.5P—.0005P%.

a) If P(0)=10, whatis lim P.
=300
b)  If P(1)=30, find lim P.
[—>o0
c)  Find the particular solution to Ccll_f =.05P —.0005P* where P(0)=100.

d) What would the population be when it is growing the fastest?
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9. The Philosopher’s Stone Problem

Medieval alchemist Pol Maychrowitz believed that the Philosopher’s Stone would
help them to convert lead into gold. The Stone was never found, but, if it had been
found and worked, Pol assumed he could convert 12 pounds of lead over a 72-hour
period and that the conversion rate would follow a logistic growth curve

cfi_cj = 1.2G[3— %j (By the way, if he had succeeded, Pol would probably have

been burned at the stake.)

a)  If G(0)=1, whatis limG.

b)  How much gold would have been transmuted when the transformation
way occurring the fastest?

c) If G(O) =1, state the particular solution to the logistic differential
equation.

d) Suppose Pol was incorrect and the actual growth rate followed the

separable differential equation 62—(; = 1.2[3— %j, instead of the logistic

equation above. If G(0)=1, state the particular solution to the separable
differential equation.

10. The Body Farm Problem

Research at the University of Tennessee Anthropological Research Facility, (aka
The Body Farm) shows that a 233 1b. male body buried six feet underground
without a coffin will decompose to a 33 1b. skeleton in 12 days. The table below

shows W(t), the rate of decomposition of the flesh in pounds per day, between

t=0 and =12 days.

t 10| 1 2 3 4 5 6 7 8 9 10 | 11 | 12

W) 0| 24]57|132]22.0(365|44.1|36.5|225|109149 1 2.1)0.1

a)  Approximate J7’(7) and explain thr result using the appropriate units.
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b)  Use a trapezoidal approximation to find the total weight of the body
which decomposed between =0 and ¢=8 days.

c) Body decomposition rate depends on both the amount of material that
has decomposed and the amount not yet decomposed. Thus, body
decomposition is modeled by a logistic growth equation. In this case, the
differential equation is Ci,—];[ =2N (200— N ) At what weight of deposed
flesh is the rate the highest?

d)  The data on the table can be modeled by R()= 50e~ 4" Write an

equation for 0 <¢<12 which would determine the weight of the body at any
time ¢.

11. The Black Hole Accretion Problem II

Like stars, black holes accrete (gain) mass from
solar gasses. It was always assumed that this
accretion was never-ending, ultimately, black
holes would swallow the universe. But the
research into supermassive black holes (SMBH)
by Columbia Inayoshi and Haiman seems to
indicate that there is a limit to how large these
black holes can get. SMBH sizes are on the scale of 10° M, (solar masses). For

simplicity, we will refer to these units as Kellar-masses (not a real thing). The
research seems to indicate that the size limit for SMBHs 1s 1000 Kellar-masses. If
the growth were logistic, one model might be

dM
7=.256M(1000—M).

a)  If M(0)=10, how many Kellar-masses would a SMBH attain when the
accretion rate was the highest?

b)  If M(0)=10, state the particular solution to the logistic differential equation.
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c) Further research might show the growth to be exponential rather than
logistic. Assuming a new model of C;—A;[ = ,256(1 100— M), what would be tll)n; M
?

d) If M(0)=10 and dd_]\f = ,256(1 100— M), state the particular solution to the

logistic differential equation.

12. The Monkey Island Problem

A research team is studying a group of monkeys living on Monkey Island in
Cambodia. When they begin observing the monkeys(z = 0), there are 20 monkeys
on the island. The researchers determine that the population P grows logistically at

¢ P _ap i nk
arate of — = — — Mo €VYS per vyear.
d 40 ySpery

a) According to this logistic model, what is the maximum population of
monkeys on the island?

b)  Further research shows the growth to be a bounded exponential function
rather than a logistic growth function. Assuming a new model of
M
d— = E( 130 — M), find the particular solution to the differential equation,
4
given that M(0) = 20.

c)  Find lim M. Explain the meaning of this result, using the correct units.

f— oo

13.  The Popcorn Problem I

While preparing to watch a horror film, Mr. Maychrowitz decides to make himself
some microwave popcorn. As the popcorn begins to pop, he notices that the
number of kernels popped could be represented by a logistic growth curve. After
repeated trials and careful analysis, he ascertains that there are 300 unpopped
kernels of corn in an average bag of popcorn and that the first kernel of popcorn
pops after 20 seconds in the microwave. He therefore posits that the differential
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dP P
equation ; = 5.7P(1 - %) could appropriately model the situation, where P =

the number of kernels of corn that have popped after 30 seconds in the microwave.
For the function P(t), ¢ is minutes past the first 0.5 minutes in the microwave (so
when the microwave has been going for 30 seconds, # = 0 minutes)

a) How many kernels of popcorn have popped when the rate of popping is the
fastest?
b) Given that P(0) =1, what is lim P?
t—> o0
c) Suppose that at 30 seconds (¢ = 0), 6 kernels of popcorn have popped. Given
that fact, what is the lim P?

[ —> o0

P
d) What does the quantity, (1 - %), mean?

e) Find the solution curve for this particular differential, given thatP(0) = 1.

14. The South Park Zombie Problem

In a South Park episode, an epidemic of zombie-ism breaks out after Kenny is
killed and his blood is replaced by Worchester Sauce. The spread of cases of

dz Z
zombie-ism could be modeled by the logistic equation o =0.457 (1 — —),
t 666

where ¢ 1s the time in days after they killed Kenny.

a) How many people does this model assume live in South Park?

b) How many zombies will there be when the fastest rate of growth of zombie-
ism occurs?

c)  What would the solution equation to the problem be logistic growth
equation?

d) A different, non-logistic model for the growth rate of Kenny’s zombies

dK K
might be — =0.45 (1 — %) Assuming K(0) = 1 (Kenny is the first

zombie), find the particular solution to t his separable differential equation.
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15. AP 2004 BC#S.

8.3 Multiple Choice Homework

1. The population P(7) of a species satisfies the logistic differential equation
% = ﬁP(%O— P), where P(0) = 100. What value of P(t) shows the fastest
rate of growth?
a) 10 b) 100 C) 200

d) 400 e) 4000

2. Which of the following graphs is of the solution y= f (x)to the differential
dy

tion ——=, -y)?

equation — 1y(1000—- y)

a) b)
c) d)
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e)  None of these

3. The population P(t) of a species satisfies the logistic differential equation
% = ﬁ P(400— P) , where P(0) = 100. What is the end behavior of P(t)?
a) P=10 b) P=100 C) P=200

d) P=400 €) P=4000

dt 300" 650
where F(0)=95. Which of the following statements is false?

4. The function F satisfies the logistic growth equation dF E(Z ul j

dF

a)  limF(r)=1300 b) % has a minimum value when F =095.
1—e0 dt
2 2
c) %:0 when F=650. d) When F <650, cf{_lz>0 and CCZZTI;<O
5. The population of bears grows according to the logistic equation
dB _ 2B-0.02B*
dt

where B is the number of bears and ¢ is measured in years. Which of the following
statements 1s false?

L. The growth rate of bears is greatest at B =50
II. If B>100, the population is decreasing.
II.  limB(t)=50

{—>o0
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a) I only b) IT only c) [ and II only

d) I and III only e) I, 11, and III

6. The rate at which a rumor spreads at school of 1350 students can be modeled
by the graph below, where R is the number of students that have heard the rumor ¢
hours after 9am.

1000

500

Which of these equations could not possibly be the logistic growth equation for
this model?

2) %:2.27213[1—%) b  4=2272(1350-R)

o LX=20mR(350-R) &) K=2272R(1350-R)

e) %z0.002R(1—%)

7. The number of wildcats in a portion of the Sierra Nevada mountain range 1s
modeled by the function W that satisfies the logistic differential equation

a;z’_VtV = 0,4W(1— %j, where ¢ is the time in years and W(O) =500. What is

lim ()7

a) 150 b) 300 c) 500
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d) 600 e) 1000

9. The growth rate of a population y(¢) of dolphins is modeled by the logistic

growth equation % = %(1 20— y). If y(0) =30, which of these describes the
t

future behavior of the population?

a) The population will increase towards 60 dolphins
b) The population will increase towards 120 dolphins
c) The population will decrease towards 120 dolphins
d) The population will decrease towards 60 dolphins

10.  What is the solution curve to the logistic growth equation

Y _ lOy(l—ﬁj given that »(0)=20?

dr
100 100 100
a) y=— 100 b) ve Q) e
) Y= e ) V= e ) V=g
100 100
d = c [
) Y= 00 ) Y= 5000
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8.4 Integration By Parts

Integration by Substitution is the most common integration method because it
reverses the most common differentiation method--the Chain Rule. Integration By
Parts reverses the Product Rule.

Integration By Parts: ju dv=uv— jvdu

Here is the proof. Let’s start with the product uv and take its derivative.

’

(uv) =uv’'+vu’ Now let’s integrate both sides

J.(uv), = J(uv’+vu’) Apply the FTC to the left side of the equation
uy = J(uv’ +vu’) Distribute the integral

uy = Iu dv+ Jvdu Isolate one integral

_[udv: uv—Jvdu

Two questions arise immediately:

1. How do I recognize that I need to use integration by parts?
2. How do I choose my u and dv?
OBJECTIVES

Identify integrals where Integration by Parts is appropriate.
Apply the Integration by Parts method.

The answer to number 1 is, until you gain more experience, you guess and check.
Integration by Parts problems often look like Integration by Substitution problems,
at first, because they are both integration of a product. But the substitution does
not work.
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The answer to the second question is that it depends on the functions involved it he
product. A simple mnemonic developed by Professor Fawal is LIPTE.

LIPTE = Logs, Inverse (trig, that is), Polynomials, Trig, Exponentials.

This 1s the (descending) order in which you choose u. If the product is a Log times
a polynomial, the log is u. If the product is an inverse and an exponential, the
inverse is Uu.

Dr. Quattrin says the key is which of the two functions is more easily integrated
and which is easily differentiated. There are really only three cases to deal with.

L A polynomial times a trig or exponential function: u = the polynomial.
II. A polynomial times a log or trig inverse: dv = the polynomial.
III.  An exponential times a sinusoidal: your choice.

Case I: A polynomial times a trig or exponential function.

Exl Evaluate jxeSx dx.

Let u=xand dv = e**dx. Choose your u and dv.

Let u=x dv=e>dx
Find du and v.

du = dx v:%e“

Jxesx dx= %xeSx — %J.e“ dx Apply the IBP formula. Note that the new

integral has a more simpler integrand—one we
already know how to integrate. If our integrand
had become worse, it means we picked the wrong
u and dv.

JxeSx dx= %xeSx - %eSx +C Integrate and add C.
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You can check your answer through differentiation.

Steps to Integrating By Parts:

Check the Chain Rule first!!

Determine that your integral can be evaluated using integration by parts.
Choose your © and dv.

Find du and v.

Apply Judv =uv— jvdu .

Evaluate your new integral and add C.
Repeat steps 1 thru 5 if necessary.

Q0 kWb ee

Ex 2 Evaluate sz sinx dx.

Again, we have Case I a polynomial multiplied by a trig/exp function.

5 . u=x> dv = sin xdx
Jx sinx dx

du=2xdx v=-cosx
jx2 sin.x dx=x2(—cosx)—j—cosx 2x dx

=—x? cosx+2jxcosx dx

This new integral is also a Case I Integration by Parts integral. Now,

U=2Xx dv = cos xdx
du=dx y=sinx
sz sinxdx=—-x%cosx+ ijcosx dx
=—x’cosx+ 2[xsinx—J.sinxdx}

—x?cosx+2xsinx+2cosx+C

You can check your answer through differentiation.
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Tabular Integration (as short-hand for Case I with higher powers)

Ex 3: Jx“ezx dx

1 3 3 3
jx“ezxdngx x3e2"+2x e —Zxe* +=e* +c¢

Case II: A polynomial times a log or trig inverse

Ex 4 jxlnx dx

Now we have a polynomial multiplied by a logarithm—that is, Case II. The reason

For this example I will tell you to let y =Inxand dv = xdx.

u=Inx dv=xdx

Inx d 2
anx x du:ldx v=x—
X 2
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Jxlnxdx— glnx J— —d

= 7lnx—§_[xdx

x? 1 x?
I NS,
S Inx—>=-+

x2

:71nx—%x2+c

Ex 5 Jtan‘lx dx
At first, this does not appear to be a product. But dx is actually 1 dx, and 1

is a polynomial. So,
u=tan'x dv=dx

tan~' x dx
j du = 12dx v=x
1+x
-1 _ -1, X
Itan xdx=xtan™ x J1+x2dx
1 2x
=xt ——|—=d
=xtan™'x Sl 2

=xtan‘1x—§1n(1+x2)+c

Note that this second integral requires substitution.
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Case III: An exponential times a sinusoidal. (This is the most interesting case.)
Ex 6 Jex cosx dx

. U=COSX dv=e*dx
Je cosx dx _
du =—sin xdx v=e"

jex cosx dx=e* cosx—I(—sinx) e* dx

=e' cosx+je’“ sinx dx
This new integral is also a Case III integration by parts integral. Since we
chose the trig function to be u the first time, we must choose the trig

function to be u again. Otherwise, we will just undo the first step and return
to the start.

u=sinx dv=e"dx

du = cosdx y=¢e*

J'ex COSX dxzexcosx—j(—sinx) e’ dx
=excosx+Jexsinx dx

=e*cosx+ersinx— J.ex cosxdx

This new integral is the same as the original, so we can consider it a “like
term””” with the left side of the equation and add it over.

Jex cosx dx=e*cosx+e* sinx—J‘e’C cosxdx
Jex cosxdx +Jex cosxdx=e cosx+e*sinx+C

ZIex cosxdx=e*cosx+e*sinx+C

1 1 )
jex cosxdx= Ee" cosx+§e’C sinx+C
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Case III also gives rise to the last case of Trig Integrals in Chapter 2, which we
could not solve then.

Review:
'[sin” x cos™x dxa

The odd powered term is du.
If both powers are even, use the double angle rules.

Isec” xtan™ x dxor Icsc” xcot™ x dx

If the sec power is even or the tan power is odd, that term is du.
If the sec power is odd AND the tan power is even, we need integration by parts.

This last case, which we could not do before, can finally be addressed.

Ex 7 Evaluate Jsec3x dx.

Let’s take a look at this integrand before we get going. Notice the power on secant
is odd —it’s 3. And the power on tangent is even (0 is considered even, for our

purposes).

2
U=Ssecx dv =sec” xdx
jsec3x dx = Jsecx -sec? x dx .

du = secxtan xdx v =tanx

Jsecx -sec’ xdx = secxtanx — J.tanxsecxtanxdx
_ 2
=secxtanx — J.secxtan xdx
=secxtanx— Jsecx(secz xX— l)dx
_ 3
=secxtanx — _[(sec xX— secx)dx
=secxtanx— _[sec3 xdx +jsec xdx

Jsec3 xdx =secxtanx— J.sec3 xdx +Jsec xdx
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2J.SCC3 xdx =secxtanx+ Jsecxdx

2J.sec3 xdx =secxtanx + ln‘secx + tanx‘ +C

1 1
J.sec3xdx = Esecxtanx + Eln‘secx + tanx‘ +C

Ex 8 J.eﬁdx

As with J.tan‘l x dx, this integral does not involve product, so it does not

look like in integration by parts problem. But we also cannot directly
integrate it. A u-substitution reveals the true nature of this integral.

u=x

du=—1_

Zﬁdx%dx=2x/; du

Therefore, J.eﬁdx = fzue“du and 1t 1s a case I. In fact, it is double Ex 1.

Jeﬁdx = JZue“du
= ZJ-ue“dx
=2ue" —2e"+C
=2Jxe —2¢ +C
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d 2
Ex 9 Does Y ne™ converge?
n=0

. N o
lim ne™ =1lim — =0;so it might converge.
n—oo n—e o

ol 2 . . .
j xe™ " dxrequires a u-substitution.
1

Txe ™ dx = _1 T 2xe* dx
1 241

Since the integral equals a real number, the series must converge to a real number.
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8.4 Free Response Homework

Evaluate the integrals.

Lo [xe*dx 2. [ retar

3. [x%cosdxdx 4. [medm

5. [(xP+1)edx 6.  [x'e'dx

7. J(nx) dx 8. [ cosxdx

9. [e®cos20 d6 10.  [x?cos3x dx
1 ['ingy dy 12 [¢*sin30 d6
13, [xtan™x dx 14, [cos(Inx) dx
15, [In(3x+2)dx 16, [xIn(3x? +2)dx
17. [cosxdx 18, [sin™' xdx

19 If [f(x)edx= f(x)e* — [12x°¢*dx, then what s f(x)?

20.  Use the Integral Test to determine if Zne‘”2 converges or diverges.

n=1

21.  Use the Integral Test to determine if Zne‘” converges or diverges.

n=I1

22. '[seczx Jtanx dx
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23. ln_x dx

1 X

24.  Find the average value of x*Inx on x€[1, 3].

25.  Find the area bounded by y=xsinx and y=(x—2)".

8.4 Multiple Choice Homework

hx) | Fx)

0 2 5
3 -3 11
1. Let 4 be a function defined and continuous on the closed interval [0, 4]. If

th(x)dx =8, then ijh’(x)dx =

a) 23 b) -18 ¢ -17 d) -12 e 36

2. _[xzsinx dx =
a) —x?cosx—2xsinx—2cosx+c
b)  —x?cosx+2xsinx+2cosx+c
C) —x?cosx+2xsinx+2cosx+c
d) —x—scosx+c

3
e) 2xCcosx+c

887



3. _[xsin3x dx =

a) —%xcos(3x)+ésin(3x)+c
b) %xcos(3x)+ésin(3x)+c
c) %xcos(3x)—%sin(3x)+c
d) —%cos(3x)—ésin(3x)+c
e) 3sin(3x)+c
4. Jxezx dx =
12)6 12x 12X

a) 7¢ (2x—1)+c¢ b) 5¢ (2x—-1)+c ©) 7¢ (4x-1)+c

d) lez)‘(x—l)+c €) l62"()c—1)+c

2 4

5. J}fxsinxdxz

b i R
a) - b) ~5 C) ) > e) T
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8.5 Integration of Radicals and Trig Substitutions

Some radical integrals can be easily dealt with by u — substitution and some
cannot. As with Integration by Parts, only experience will lead you to quick and
correct decisions about which technique to use. Trig substitution is the technique
we will use to deal with a variety of radical integrals. Instead of letting u be some
function of x, we will let x be some function of 9.

Expression Substitution Identity
22— x2 x=asin® dx=acosB db | 1—sin’0=cos* 0
Ja2 +x2 x=atan6 1+ tan® 0 =sec* 0
dx = asec*0 dO
22— x=asech sec’0—1=tan’0
dx =asecOtan0 doO

These substitutions are based on the fact that the radicands will convert to perfect
squares.

Steps to Integrating With a Trig Sub:

1. Determine that your integral should be evaluated using trig substitution.
a)  Don’t forget the trig inverse rules and Back Substitution.

Make the appropriate trig sub, making sure to sub out for dx.

Use a trig identity to simplify your integrand.

Integrate and add C.

Back substitutes to x.

D B W

This last step requires looking at right triangles and SOHCAHTOA. Once the
sides of the triangle are identified, any trig function can be replaces with its
SOHCAHTOA referenced sides and an angle can be replaced by the trig inverse of
the original substitution.
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Case L. Va? —x? and x = gsin@. In this case, the opposite side is x and the
hypotenuse is a, making +a? — x? the adjacent side.

/

Case II. Va? + x* and x = gtan@. In this case, the opposite side is x and the
adjacent side is a, making +/a? + x? the hypotenuse.

va? + x?
X
0
a

Case III. Vx? —a? and x = gsec. In this case, the hypotenuse is x and the
adjacent side is a, making +x? —a? the opposite side.

X
x?—a?
V)
a
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OBJECTIVE

Integrate radical integrands using trig substitution.

Ex1 Evaluate j 34— x2dx.

3J4=x%d Make this trig sub x=2sin6 .
Jxa=tds s {dszcosO do

[x*V4—x2dx = [(8sin*6)v4—4sin?6(2cos6)db

= 16"-sin3 Ocosb, /4(1 —sin? 0) do Use the trig identity
= 16jsin3 OcosO\4cos’*O dO

= 32J.sin3 Ocos* O do This is a trig integral you have learned
about already.
3 5
=—32°°§ 9+32°°§ e

Now keep in mind, we started the problem in x’s, so we must end in x’s.

From the triangles above, we know the third side of the triangle must be v/4 — x?.
Adjacent Va4 - x?
Hypotenuse 2

substitute u back out of (and x back into) the answer.

Since cosO= , then cosO= and this is what we wanted to use to
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3 5
Jx3\/4—x2 dx=—3200§ 0 350080

3 5
4—x? 4—x?
2 2
=-32 +32 +C

3 5
=—%(4—x2)% +%(4—x2)% +C

There are two methods for evaluating this integral. One is a trig substitution and
the other is a rather crafty u — sub. Not every trig sub integral will have two
methods.

Ex 1 (again) jx3v4 — x%dx
This problem could also have been done by a u-substitution.

Let u=4—x?

Here 1s your u — sub.
du =—-2xdx

jx3V4 —x*dx = jx x2N4—x*dx Split the integral up, so we can get to our u

and du.
= _% 2x-x*\4—x*dx Multiply by a constant to get your du.
__1 el
__5-[(4_u) u? du Sub out for u.
= —% (4u% —u%] du
:—%{4-%u%—%u%}+C Sub back for x.

3 5
— _%(4 —x? )/2 + %(4— x2 )é +C Same answer as in before.
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Ex 2 J\/x2+1 dx

x=tan6
J\/ x?+1 dx According to the chart, use {dx =sec?0 do
ijz +1 dx= J\/tanz 0+1 (sec2 9) do Make the trig sub
- J'\/ sec’@sec’ O dO Use your trig identity
— Jsec3 0d6 We remember this integral from the

previous section.

= %sec@tan9+ %ln‘sec9+ tan@‘ +C

According to the triangles x =tan@ and secO=+/x*>+1. Now sub back out for
tan@and sec.

Jx/x2+1 dx:%sec@tan9+%ln‘se09+tan9‘+C
=%\/x2+1-x+%ln‘\/x2+l+x‘+C
Ex3 J.\/xz—9 dx

Vx2-9 d According to the chart, use x=3secO
j x 8 dx =3secOtan6d0O

ijz -9 dx= Jv9secze—9(3se09tan9) do Make the trig sub

= J\/9tan2 6 (3secOtan6)do Use your trig identity
= 9jse09tan20d9 = 9Judu

9 9 U-substitution u=seco
=§u2+c=§se029+c du=secOtan0d6
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Ex 4 J—x dx
V3=2x—x?

Before we start the trig subs, we need to complete the square to make the radical
conform to one of our three cases.

J x dx _ ( x dx
J3—2x —x2 d\/3+ —( +2x+x2)

x dx
\/3+1—(1+2x+x2)

(.-

J u=x+1
:JL Now make the u —sub{x=u—1.
2
4— (1 + x) du=dx
((u—1)d
= M Use Case I1I substitutions
) N4—u?
(2sin@—1 L
= d Seosd (20080)d0 Simplify
— J(Z sin@ — 1) do and integrate
=-2cos6-0+C Substitute back to u

— _—J4—132 —sin~! (%) +C and then substitute back to x

=—3-2x—x? —sin‘l(x—-'-l]+ C

2
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8.5 Homework Set A

1 J x> dx
Vx*+9

3. Jy3\/9—y2dy
5 J r dry
(r2 +4) 2
7. J\/2x—x2 dx
9. J dx
Jx2—6x+14
8.5 Homework Set B
1. j J1-9x%dx
3. [y
J A8 -2x—x? *
r 7
5. dx
J VX +3
( 2
7. il dx
JNox—x1
9. j x1—16x*dx

r

du

u’N25u* -4

sin@

do
\J1+cos’ 6



8.6 Partial Fractions — Linear Repeated Fractions

In a previous section, we introduced the integration method of partial fractions.
Now we will look closer into that method. Specifically into what happens when
there are powers of our factors on the denominator. There is still a bunch of
algebra to do, so don’t worry.

Steps to Integrating By Partial Fractions:

1. Determine that your integral can be evaluated using partial fractions.

2. Set up the appropriate fractions. Linear factors have constants for their
numerators. Factors with powers greater than 1 must have a partial fraction
for each degree from the highest down to one.

. Use algebra to determine the coefficients of your fractions.

Use the appropriate integration technique to evaluate your integrals.
. Add C.

D B~ W

OBJECTIVE

Apply Partial Fractions to the proper type of integral.

Ex 1 j Xk

x=x?—x+1

J(l;)z) dx Factor the denominator.
x—1) (x+1

ax _ A4, B L C g up your partial fractions.

(x=1)(x+1) X1 (x—1) x+1

& _ 4B C _ A(x=1)(x+1)+ Blx+1)+Clx-1)
(x—l)z(x+1) x-1 (x—l)2 x+1 (x—l)z(x+1)
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4x = A(x — 1)(x + 1) + B(x + 1) + C(x — 1)2 Our fractions are equal, the

denominators are the same, so the
numerators must also be the same.

Note: We will now use the second method
to find the coefficients for my partial
fractions.

4x = Ax* — A+ Bx+ B+ Cx*>=2Cx+C

lik
Ay = (sz + Cx2)+ (Bx— 2Cx)+(—A+ B4 C) Gather and compare like terms

A+C=0
B-2C=4 = A=1,B=2,C=-1 Use substitution, linear combination,
—-A+B+C=0
Cramer’s Rule — we can even graph the
system of equations to find the solution.
42x dx = 1 + 22+_1 dx
(x—l) (x+1) x-1 (x—l) x+1

Ax dlenx—l—i—ln‘x+l‘+(]
(x—1)2(x+1) x—1
x—1 2

—n == &+
nx+1 x—1 ¢
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2
J Y dx The degree in the numerator is less than the

degree in the denominator, so we can begin.

Set up your partial fractions. You must

make a different fraction for each power of
each factor in your denominator. In this
case we have one linear factor, repeated
three times ... so we have three fractions.
Note: Our factors are linear so the fractions
have constants in the numerator, exactly one
degree less.

2
x 4, B C Rationalize the

(x+1) XH1 (x+1) (x+1)

numerator.

x? = A(x + 1)2 + B (x + 1) +C Our fractions are equal, the denominators are the

same, so the numerators must also be the same.

x=—1=>C=1 Choose a value for x that makes the binomials
ZEero.
x=0=A4+B=0 Choose any other value for x.
x=1=244+2B+1 Choose another value for x.
A+ B=0 Solve the system of equations.
44+2B+1
= A=1,B=-2
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x? 1 -2 1 : :
dx = + + 7| dx Plug your coefficients back into

your partial fractions.
)

= ln’x + 1‘ + 2(x + 1)_1 — %(x + 1) +C Integrate and add C.

dx

4 n2
Ex 3 Jx : 2x2+4x+1
x’=x"—-x+1

dx The degree in the numerator is greater than

x*—2x? +4x+1
J P —x?-x+1
the degree in the denominator so we must
long divide.
4x
X -x*—x+1
x3—x2—x+1> x*—2x?+4x+1

x+1+

—(x4 —x—x? +x)

X =x2+3x+1
—(x3—x2—x+1)

4x

3 —x?—x+1

FoA A2
X 2x2+4x+1dx=J{x+l+ : 4x }dx
J x=x"—x+1 X

x+1+ 42x dx Note that this fraction is EX 1.
(x — 1) (x + 1)
J
x+1+ ix di= ||+l 2 4 7L g

(x—l) (x+1) x-1 (x—1)2 x+1
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4 _~.2 2
Jx 32x2+4x+1d = +x+Infx— ﬂ+—2——dﬂx+ﬂ+67
x=x"—x+1 2
x? x—1 2
_iuthn;:T+}tT+C
S5x2+3x-2
Ex4 |==—— =4
x Jx3+2x2 *
j5x2+3x—2dx: 5x2+3x—2dx
x>+ 2x? (x+2)x*
A B C
_J[x2+x+x+2]dx
Scratch Work
A@+2}+de+2ﬁ%39:5ﬁ+3x—2
x=0= A4=-1
x=-2=C=3
x=1=>B=2

5x*+3x-2 1 2 3
== Cdx= +Z+

Jx3+2x2 dx J[x X x+2jdx
:l+2Ln‘x’+3Ln‘x+2’+C

X

:1+Lnx2
X

@+2ﬂ+c
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8.6 Homework Set A

(.

R T

(.

[ P40x-12
(3x—1)(x+6)

(.

(.

8. Find the volume of a solid where the region bounded by y =

~

z2—4z

dz

) (3Z+5)3(z+ 2)

x—1

—————and
x"—=5x+6

the x-axis from x=4 to x=6 is revolved about the x-axis.

8.6 Homework Set B

2 —
L JSx +3x 2dx

x3 +3x?

3. 2x =5 dx
J (x+1)3
5 P x 3a’x
) (x+2)
( |
7 d
J (v (x-af
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8.7 Partial Fractions with Quadratic Factors

In our final section dealing with partial fractions we will now introduce fractions
whose denominators contain quadratic factors — think x? + 4.

Steps to Integrating By Partial Fractions:

1. Determine that your integral can be evaluated using partial fractions.

2. Set up the appropriate fractions. Linear factors have constants for their
numerators. Quadratic factors have a linear equation for their
numerators. Factors with powers greater than 1 must have a fraction for

each degree.

D B~ W

. Add C.

. Use algebra to determine the coefficients of your fractions.
Use the appropriate integration technique to evaluate your integrals.

OBJECTIVE

Apply Partial Fractions to integrals with Quadratic factors.

3x2—4x+5
Ex 1 —_ = =
* J(x—l)(x2 +1)dx
J' 3x? —4x+5

e o)

3x?—4x+5 A | Bx+C

(1) +1) =1 (¥+1)

The degree in the numerator is less than the

degree in the denominator, so we can begin.

Set up your partial fractions. Each factor

must have a fraction made for it. And in for
each fraction, the numerator must be exactly
one degree less than the degree of the
denominator. So for our linear factor, the
numerator will be a constant, but for our
quadratic factor, our numerator will be
linear.
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WP —dxt5 _ 4 +ER+CZ:A0¥+Q+(BX+CXX_U
(x—l)(x2+l) x—1 (x2+1) (x—l)(x2+1)

3x*—4x+5= A(x2 + 1)+ (Bx + C)(x — 1) Our fractions are equal, the

denominators are the same, so the
numerators must also be the same.

3x2—4x+5=Ax*+ A+ Bx*— Bx+Cx—C  Match like terms.
A+B=3

—-B+C=-4,= A4=2,B=1,C=-3 Solve the system of equations.
A-C=5

J % Jr— {x % 1 N ( :2—+ 31)] dx  Plug the coefficients back in.

2 x—3 2 X 1
= | =+ | dx-3 d
{x—l+(x2+1)}dx Jx—l x+jx2+l * fx2+1 *

Common denominators.

Split the integral up. In order to do these three integrals we will need to use a

natural log, a u — sub, and an inverse tangent, respectively. By this point we
should be able to dispense with the actual substitution.

(2 1( 2x !
—Jﬁd"*ﬂxmd’“ S Ea®

:2lnx—1‘+%ln(x2 +1)—3tan_1x+C
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Note the absence of Absolute Value signs in the Ln. You should know why.

—2x?—10x+12
Bx2 J (x+2)(x2+4) dx

—2x2—10x+12_ A N Bx+C 3 A(x2+4)+(Bx+C)(x+2)
(x+2)(x2+4) S x+2 (x2+4)_ (x+2)(x2+4)

A, BxrC _ A(x? +2x+2) L (Br+C)(x-1)
x=1 x"+2x+2 (x—l)(x2+2x+2) (x—l)(x2+2x+2)

—2x? —10x+12= A(x? +4)+(Bx+C)(x+2)
x=-2=84=24= 4=3

A+B=-2
A=3= B=-5C=0
4A+2€=12}:" IR

2x*—10x+12 3 5x
; dx= || ——=+—— |dx
(x+2)(x +4) x+2 x +4
(1 X
=3 dx+SJ( > )
J\x+2 x +4
! dx+5j( 2x )
J\x+2 x“+4

=3 ! dx+§ 22x dx
J\x+2 2 x“+4

= 31n‘x+2‘ +§1n(x2 +4)+c
2

S

S
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Jl—x+2x2—x3 o
x(x2+1)2

l—x+2x>-x°= A(x2+1)2+(Bx+C)x(x2+1)+(Dx+E)x

é Bx+C Dx+FE

dx

x+ x2+1 +(x2+1)2

= A(x4+4x2+1)+B(x4+x2)+C(x3+x)+Dx2+Ex
=(A+B)x4+Cx3+(2A+B+D)x2+(C+E)x+A

Equating the like-terms’ coefficients, we get

A=1, A+B=1,C=-1,24A+ B+ D=2,and C+E=-1

A=1, B=-1,C=-1, D=1, and E=0

Jl—x+2x2—x3
x(x2+1)2

dx =

(.

r

905

A Bx+C Dx+FE

—+— 5 |dx

x  x°+1 (x2+1)

1 —x-1 X

— d

x x2+1 (x2+1)2 o
la’x—j xz+1 dx+ ad 5 dx
X X +1 (X2+1)
r (2(x+1

Ly L2 1) 2
X 2‘) x +1 2 (x2+1)
(1 1 2x 1 2
FL ) P x‘zfmd



-1

= ln‘x‘—%ln(xz+1)—%tan‘1x+%@+6’
1 1, _ 1

= ln‘x‘—zln(x2+l)—§tan lx—m+(j
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8.7 Homework Set A
3
1. J 2x dx
x +1

3y* —4y+5
3. d
J =1 +1)”

(1

5. 73 dx
7 (X =2x?+x+1

) x*+5x*+4
8.7 Homework Set B
L f(fzi’i}(i;f - 11) d
’ ; (x? +x45(i -3) o
b :(x2+168)(x—2)dx
9. | xfi cdx

907

r

4
HE2
x(x2+1)
(23— 4+3-1

e

Jx3+3x2+2x+1
x*+13x%+36

n
er

dx
) e +3e* +2

(x> —x+5
x> +4x

1
f—x3_1dx

dx




8.8 General Integration Techniques and Strategies

You now have several formulas and techniques with which to approach

integration. The real problem now is what to use when. First, of course, you need

to have these formulas memorized.

n+l1
n _ . _
Ju du = +1+C,lfl’l7’—' 1
Je“du=6”+C

J.sinu du=-cosu+C
Jseczu du=tanu+C
Jsecu du=In|secu+tanu |+C

Jcscu du=1In| cscu—cotu |[+C

Jsinzu du :lu—lsin2u+C

2 4
.
du . ]
=sin'|=|+C"
JAa*—u a
s
dl/l 1 1 u *
———=—-sec | —|+C
Juvu?>—a*> a a

Ju dv= uv—jv du

Jl du=Lnlu|+C
U

at
na

Ja”duz +C (a>0anda¢1)

J.cosu du=sinu+C
Jcsczu du=—-cotu+C
Jtanu du=In|secu|+C

Jcotu du=1In|sinu |+C

2 —
JCOS l/tdl/t—21/l+ sin2u+C

( dl/l 1 |l u
ﬁ=—-tan
Ju +a a

([ du 1 u—a
=—1 +
Ju*—a* 2a n(u+a) ¢

a

*Note the variations on the inverse trig rules
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What To Do When Confronted with an Integral:

1. Apply a memorized formulae.
Product of two functions
a. Foil to apply the Power Rule
b. Apply the Chain Rule
1. Simple u-sub
1. Pythagorean Identities
ii1.  Don’t forget about Back Substitution

c Integration by Parts. (LIPET)

Rational Functions:

Simplify to apply the Power Rule
Polynomial Long Division
Partial Fractions

) Jldu:Ln\uHC
u

e. %:l-tam‘1 i
u-+a- a a

Radical functions:

a. Apply the Chain Rule.

b. Apply Trig Substitution.
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Is the denominator

factorable? Yes

S

Partial Fractions J

[ Polynomial }_' E‘D

Long Division

A
[ Is n=m-1? ]—D@

A

ENjo Apply f% du=Lnlu|+C

Complete the Square and

227 apply [ 2 =l'tan‘1%

u’+a’* a

+C

OBJECTIVE

Determine the correct technique to use and perform the integration.
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3
Ex1 |90 X g
SN~ x

3

cot’x

— dx=fc0t3xcsc3x dx
sin® x

=—[cot” xcse? x (—cotxescx dx)
[ 1) d
:—f(u4+u2) du

15 1

_ I 13
= 5u 3u +C

1 1
=——csc®x——cscix+C

5 3

cot’ x
—— dx
sin® x

Ex 1 (again) j

cot’ x (cos’x 1
5 dx= | 5o dx
sin® x sin® x sin’ x

o3

cos’ x

= | ——dx

sin® x

(cos® x
= | ——— cosx dx
sin® x

(1—u?

du

Il
e (8
—_—
<
&
I
<
N
~——
QU
<

1

= —%u‘s - §u_3 +C

= Lgins x—lsin‘3x+C
5 3
1

= —gcsc5 xX— %csc3x+ C
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Ex 2 J dx

xvInx
u=Inx
This is one of the u-subs you need to remember: 1
du= ;dx

j x =Iu_%du
xvInx

=2VJInx+C

Ex 3 '[cos_lx dx

We saw this before with the tan~! x. We have no rule for the integration, but

we can differentiate cos™! x.

u=cos 'x dv =dx
du= 1 dx v=x
1-x?
J.cos_lx dxzxcos‘lx—J X dx
V1-x2
! 1 —2x

=XCOS X—— dx
2 ) J1-x?
1 V1-x?

=XCOS_1X—§7+C

=xcos ' x—+1-x*+C
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Ex 4 J I=x
1+x

There are a couple of ways to start, but the simplest is to rationalize first.

1—x [ T—xJ1—-x
— dx= 1/—— dx
1+x ) 1+x Jl1—x

_ 1—x dx

JAI=x?

~

#dx_JL dx
J Vl_xz VI—X2
(1 1 -2x
Y S R s S
JJ1=x? 2)J1-x2
)
=sin‘1x+l—1 Y yC
2 12

=sin'x+v1-x>+C

1x2+1
0x2—1

Ex 5 dx

There are three things to note about his problem:

1. The numerator has a higher degree, so long division is necessary;
2. The denominator is factorable, so it is a partial fractions problem,;
3. It is an Improper Integral Type 11.

1

L)
sz—de=J(1+ 22 jdx
0 X —1 0 x =1

1

1 1
:J.de+2j 5 ldx

0X —

tim | [Pax 42 L 4
= Jim| fras 2 o ax
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While it is true that the denominator is factorable, so it is a partial fractions
problem, we also have a formula for this second integral.

b b
lim jbdx +2J 21 dx |= lim x+anx__l
b—1~{ J0 ox —1 b1 2 |x+1]),
= lim (b +1Ln Ej—(o +1Ln E]
N 2 b+1 2 0+1

= (0 +1Ln‘gD—0
2 1

Since we cannot Ln 0, this integral is divergent.
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8.8 Homework Set A

Decide which integration technique is appropriate for the following integrals:
u-sub

Integration by Parts

Trigonometric Identity

Partial Fractions

Memorized formula

B: Divide first, then Integrate by Parts.

AC: Divide first, then use an Inverse Trigonometric Identity
AD: Divide first, then use Partial Fractions

AE: Foil and apply the Power Rule

BC: Back Substitution

BD: Integration by Parts

BE: Tabular integration

> Mo Qw>

T de
1. Jex\/1+ex dx 2. Je&dx 3. J—

En 0* +6?
4. Jarctan(%jdx 5. jsinz(ze)de 6. sztan—lxdx
7. X’ < dx 8. J.\/Zln(t)dt 9. Jx%lnxdx
) (x+1)

2x r 1 1
10, [— & 1 [—1 & 12 J—d
Je2x+3ex+2 x ) ¥ Zexr18™ X —6x—8""

13. [rtan rds 14, |__du__ 5. [x%e dx

J u\/uz—az

1 ~189 X
6. |1 g 17 d
jy2—4y—12 4 ), x+2™

18. I(x3 +3x%+3x+ 1)(3x4 +6x+3)dx 19. j(cos2x+ sinzx)dx
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20. J

Evaluate the following Integrals.

23.

25.

27.

29.

31.

33.

35.

37.

39.

x+1

Ox2+6x+5

[ cosx

—.2dx
J 1+sin“x

r° pctany

Jo y2+1

dy

J‘ex+ex dx

2_
j3x 2dx

x>—2x-8

f}‘t3+t2 - 21| dt
Zw—1
L w+2 dw

J';% tan’Osec*0 dO

916

21. Jtanzxcoszxdx 22. J Y dx

24.

26.

28.

30.

32.

34.

36.
38.

40.

3

(x+1)10

J1+cosxdx

sinx

_[sinz XCOS> xdx

dx

2

JY& .

0 1—x

_[sinxcos(cosx)dx

j e dt

[ 3x2-2

—d
) x*=2x-8 *

~

4x* +x -2

d
) xP=5x*+8x—4 *

J;% tan’Ocos’ 6 d6

1
—dx
Jxv4x2 -1



41.

43.

8.8 Homework Set B

11.

13.

15.

~
X4

x'"+16

~

w+1
32
Juw—u

J dx
V3x+1

Jxxll—xz dx

Jxex2 dx

[ sec’x

J I+tanx

J e “dx

dx

dx

10.

12.

14.

16.

917

~

42. X

44,

J 1+t4dt

J.\/x2 —2x+1dx

Jxe3x dx

—
) x*+4x*+3 x



Integration Techniques Test

4 _
Jx2—4x—12 di=

I, |x+2 l, |x—6
L x+2 b 1
a) 21nx_6+c ) 2lnx+2+C
1 1
0 glnfx-6)x+2)+C d)  glnfx—6)(x+2)+C
I, |x—6
€) glnx+2+C
2. jxezx dx =
1 2x 1 2x 1 2x
a) 7¢ (2x—1)+c D) 5¢ (2x—1)+c ©) 7¢ (4x—1)+c

d) %ezx(x—1)+c

e)

ieZ)c

(x—1)+c
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3. What 1s the best method to evaluate J; dx ="

xt+4x+7
a) Integration by Parts b)  Substitution c)

d) Completing the Square e) None of these

Partial Fractions

22
4. Je 2 =
e

a) —e™ +¢
b) e +c

c) x—e" +c
d) x+e ™ +c
e) x—e™ +c

5. What 1s the best method to evaluate JL7

xV4x*> -9 .

a) Integration by Parts b)  Substitution c)

d) Completing the Square e) None of these

Partial Fractions
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6.

The population P(7) of a species satisfies the logistic differential equation

% = WIOOP(4OO— P) , where P(0)=100. What is the maximum rate of change
of P(¢)?
a) 10
b) 100
c) 200
d) 400
e) 4000
7. Which of the following statements are true?
L. J(Sil’l3 x cos’ x) dxzécossx—%cos%ﬁc
IL. J'sec2xdx=ZSec2xtan2x+c
I1I. IAOX=8 el + 30— dra 2 e
(x3 +3x% - 4x+2)
a) I only b) IT only c) III only
d) I and II only e) IT and III only
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7. Find the volume of the solid formed when the region bounded by y= x?¢™2*
and the x-axis on x e[-1, 0] is revolved about the x-axis. Show the anti-
differentiation.
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_[xcot‘1 x? dx
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dx

j2x4+3x3—14x2—7x+18
xX*=7x+6
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Chapter 8 Answer Key

8.1 Free Response Answer Key

10.

11.

12.

13.

14.

1 1
Eln(x2—4x + 5) + Etan_l(x - +c¢ 2.
2 2x—1
7tan \/, +c
1 1 2x+1
—ln(x2+x+1) +c
: NENG
2 2 -1
x?+2x+Zln(2x2—4x+3)—§tan_l(xﬁ ]+C

2

x
7+2x+51n|x—2|+c

x2

2

X 2 -1
7—4x+ln|x +2x+5|+;tan

I (x+3
—tan +c
2 2

x+7ln|x=7|+c¢

%ln|x2+ 2x + 5| + 2tan_1(

3

1
—ln|x2+6x + 13| — —tan
2 2

3In|x3+3x2+5 | +¢

3

X

1
— —x+Eln|x2+x+1| + —tan

VERE

l(

x+3

2x+1

x+1

+c

1)
C
2

Joe

924
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15.

16.

-1

2+2x+2

3x2
ES +x+tan N(x+2)+c¢

8.1 Multiple Choice Answer Key

1.

7.

C 2. D 3. D 4.

A 8. E

8.2 Free Response Answer Key

11.

12.

(x+5)

In—+
|x —2]

c 2.
1
5x2—5x+251n|x+5| +c

1
—In|x =5+ —In|x+1| +¢
3 3

Slnfe? - de 5| +an "M (x=2) +c

1 5 1
—x“+ —In
2 7

x=3
x+4

9°

+c

9 1
2ln|x| + gln|x +2| + glnlx—3| +c

1 1
;x2+x—ln|x| + 71n|(x+ D(x=1)]|+c

10.

1 50
x—ln|x—2|—7ln|x+2| +71n|x—5|+c

925

et +1

et +2

r—1
t+4

x+1n

1
—In
5

+c

+c

x—=2

x+3

(x—1)°

+c

+c



5 x—2
13.  —In +c
2 [3x—4
3
14, —Eln|2x+ 1| +2In|x—4|+c¢
9 1 mIn3
15. In— 16. —In517.
2 3

8.1 Multiple Choice Answer Key

1. B 2. E 3. A 4.

8.3 Free Response Answer Key

la) 180 Ibs. b)
L

) W=180-30e 7 d)

2a) A-10=045(t-0) b)

¢)A =100 —90e 005

18.

150 lbs.

192.257 days

15.4 days.

(d)  The population is increasing at an increasing rate.

3a) A =100-100e ¥ b)  A=100-100e 01732

d)  17.693%

13.208

4a) y=20+80e 0144 b)  58960°C ¢)  9.634min
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5a) y=37-38¢ 0005 b) y=37°F <¢)  29.391min

6a) 41C° b)  underestimate

-1 \3
c) b0)=25+( ); 52°C
7a)  lim F =100 7b)  100.
t—> o0
A
7¢) B =50 7d)  F =100-90¢ 004
8a)  lim P =1000 8b)  lim P =1000
t—> oo t—> o0
1000 A
8¢) P—-]+Q€_0mm& 8d) -5—-500
A
92) limG=A=12 9b) —5=6
t—> o0
12
9) G(1)= 9d) G=12-11¢ 93
14112703

10a) The decomposition rate was decreasing by 10.8 pounds per day per day at

t=1.
10b) 171.65 Ibs 10c) 100 10d) u«;):g/”soe—sxx—éﬂdx
0
1000
11a) 500 11b) M(1) =

1 + 99, ~0.0002561
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11c) M=1100- 1090~ -2 11d) 1100

1

-—t
12a) A =120 12b) M=130-110e 4°  12¢) 130
13a) 150 13b) lim P =300
= oo
300
P P=
13¢) lim P = 300. 13d) |1-——| 13e. 1 +299¢ 57
oo 300
14a) A=666 14b) A 333 l4c) Z 066
a = — = C =
2 1+ 6650704

K =666— 665¢ =297t
14d)

15. See AP Central

8.3 Multiple Choice Answer Key

8.4 Free Response Answer Key

1 1
1. —xeX ——eX +¢
2 4
2. —e =312 I —6te =6+
1 2 . 1 .
3. —x“sindx + —xcosdx + —sindx + ¢
8 32
1 2.2 2 1 2
4, —me " —me"+ —e M+
2 2
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11.

13.

15.

17.

19.

21.

24.

—(x3 + 1)e_x —3x%e = 6xe *+6e “+c

xTe® = Tx%* + 4255 — 210x%e* + 840x3¢* — 2520x 2™ + 5040x¢™ — 5040¢* + ¢

x(Inx)? = 2x(Inx) = 2x + ¢ 8.

2 o -6
- ge sin260 — —e  Ycos20 + ¢
1 2 . 2 .
—x*sin3x + —xcos3x — —xsin3x +c¢
3 Y] 27

3
4In2 — — 12.
2
1 1 1
—x2tan 'x — —x+ —tan " x +c
2 2 2

2
xIn(3x +2) —x + gln(3x +2)+c

1 1

g(3x2 + 2)ln(3x2 + 2) - g(3x2 + 2) +c
2\/;sin\/;+ 2(:05\/;+ c

f(x) =12x° 20.
Converges 22. 1

9 13

—In3—-— 25.
2 9

8.4 Multiple Choice Answer Key

1.

C 2. B 3. A 4.

929

xcos_lx—\/ 1-x2+¢

10.

2 3
—e2%in30 — —e2%c0s30 + ¢
13 13

1
14. Ex(cos(lnx) +sin(Inx)) + ¢

16.

18. xsin_1x+(1 —x2)1/2+c

Converges

2
23. ?(tanx)g/2 +c

2.103



8.5 Free Response Answer Key

1
1. ?(x2+9)3/2—9 xX2+9+C
3. =—81(V9_y2]3+2;_£(\/9_y2)5+c
3 3
1 -3/,
5. —g(r2+4) +c
1

In +c

x2+3+\/§
X

/3

x2-9

2. —+c
3x

4, .36

1 r—1 1
In - +
36 |t+5 6(t+5)
1 1 x—1
4. —+ —In +c
x 2 |x+1

1 1
7. Esin_l(x—l)—g(x—l)«/ 1-(x-1)* 8.
x—3+\/x2—6x+ 14
9. In +c
NG
8.6 Free Response Answer Key
1 1
1. - +c 2.
2Ax+1)2 x+1
1 y—3 1
3. In + +c
25 |y+2| 5(y+2)
-80 147 30
3. In|3x = 1| + ——In|x + 6| - +c
1083 361 19(x +6)
6. —%6m|3z+5|— 12;51 (3z+5)_1—%(3z +5)72—12In|z +2|+C

1

7. x—=3ln|x+1|- + +
x+1 2(x+1)?

Cc

930



8.

4.068

8.7 Free Response Answer Key

1 1
—x2+ —1n(x2+ 1) +c
2 2

In|x| + +c

X2+ 1

1
2ln|y - 1|+ 7ln(y2 + 1) —3tan"ly+¢

1 1 t
—In(2+1)(2+2) - ——tan ' ——+¢
(2 +1)(7+2) NG

2x+1
%ln|x—1|—%ln(x2+x+l)—%tan‘{%)+c

1 1 1 2x+1
x+§1n|x—1|—g1n(x2+x+1)——tan_1 +c

N WE

1 3 X
—ln(x2+4)——tan_l — |+tan" x+¢
2 2 2

8.8 Free Response Answer Key

1.

7.

12.

17.

A 2. B 3.D 4. B 5. E
AD 8. B 9. B 10. AD 11. BD
BD 13. B 14. E 15. B l6. D

AD 18. AE 19. AC 20. A 21. C 22.

931
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23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

tan~1(sinx) + ¢

en/z—l

J1-x2+¢

divergent

X

e¢ +c 32.

23 5
3x+ Tlnlx—4| — ?1n|x+2| +c

86
3
3ln|x—1|-

+In|x=2|+¢
x—2

2
15+ 7In—
7

12

S
—tan — |+c
20 4

1
2

1
= = (o +3)+ (x> +1)+C

u—Inlu|+u"t+2In|u—-1|+¢

932

36.

38.

40.

24.  In|cscx —cotx| —In|sinx| +¢
L. 3 L. 5
26. —sin"x+ —sinx +c¢
3 5
-5 2
28, ——+—
6,/2 3
30. —sin(cosx) +¢
——t3e_2t+itze_2t—3t6_2t—§6_2t+c

34. In|x3-2x-8|+c

sec™1(2x) +¢

42.

1 1
—In|2e*~ 1| = =In|e* +1| +c
p 3



Chapter 8 Practice Test Key

1.

7.

10.

B 2. A 3. D 4. D 5.

A

20.027

1 1
7x200t_ x? + Zln(x4 + 1) +c

3 1 4
x243x—x3=Tx— —In|x+3| - —In|]x = 1|+ —In|]x =2| +¢
10 2 5
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