Chapter 7 Overview: Limits, Continuity and Differentiability

Derivatives and Integrals are the core practical aspects of Calculus. They were the
first things investigated by Archimedes and developed by Liebnitz and Newton.
The process involved examining smaller and smaller pieces to get a sense of a
progression toward a goal. This process was not formalized algebraically, though,
at the time. The theoretical underpinnings of these operations were developed and
formalized later by Bolzano, Weierstrauss and others. These core concepts in this
area are Limits, Continuity and Differentiability. Derivatives and Integrals are
defined in terms of limits. Continuity and Differentiability are important because
almost every theorem in Calculus begins with the condition that the function is
continuous and differentiable.

The Limit of a function is the function value (y-value) expected by the trend (or
sequence) of y-values yielded by a sequence of x-values that approach the x-value
being investigated. In other words, the Limit is what the y-value should be for a
given x-value, even if the actual y-value does not exist. The limit was
created/defined as an operation that would deal with y-values that were of an
indeterminate form.

Indeterminate Form of a Number--Defn: "A number for which further analysis is
necessary to determine its value."

Means: the number equals %, f, 0°, 1°°,or other strange things.
o0

The formal definition is rather unwieldy and it will not dealt with it in this course
other that to show the Formal Definition and translate it:

Formal Definition of a Limit

Lim f(x)=L if and only if for every € >0, there exists 0 >0 such that
Xx—a
if 0<|x—a|<$, then‘f(x)—L ‘<8.

Formal Definition of a Limit means:

When xalmost equals a, the limit almost equals y.
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There are four kinds of Limits:

Two-sided Limits (most often just referred to as Limits)
One-sided Limits

Infinite Limits

Limits at Infinity

Some Facts to Remember:

In1=0 lne=1

Inu

Ine“ =u e=u

666



7.1: Two-sided Limits and L’Hopital’s Rule

As mentioned in the intro to this chapter and last year, the limit was
created/defined as an operation that would deal with y-values that were of an
indeterminate form.

lim f(x) 1sread "the limit, as x approaches a, of fof x." What the definition

xX—a
means is, if x is almost equal to a (the difference is smaller than some small

number §), f(x) is almost equal to L (the difference is smaller than some small
number £). In fact, they are so close, one could round off and consider them equal.
In practice, usually lim f(x) = f(a). In other words, the limit is the y for a given

xX—>a
x = a--as long as y # 0/0. If y=0/0, one is allowed to factor and cancel the terms

that gave the zeros. No matter how small the factors get, they cancel to 1 as long
as they do not quite equal 0/0.

Ex 1 Find [im (x+2) and Jim (x*+3)
x—=35 x——4

1in51(x+2):5+2: 7

lim (x*+3)=(—4)*+3= 19
x——4

2
Ex2 Find [jp * 2
=5 X—
2
Ifx=5here,* =2 whichis S+ - id= g. But with a Limit, x is
X — X —

x—5

x_

only almost equal to 5, and, therefore, =1. So

x*=25_ . (x+5)(x-5)
= |y X2 TD)

1(1_r)r51 xX=5 x5 x=5
=lim (x+5)
x—5
=545
=10
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Notice that throughout this process, the limit notation is kept in the problem until
the limit is actually evaluated (that is, plugged in a). Not writing this notation
actually makes the problem wrong — it is like getting rid of an operation. The limit
is essentially what allows you to do the cancelling and/or plugging in. You must
use proper notation when writing these up.

- K| Vs
oo FIF
amin=N yas | aas
Amax=9.4 [ ERROR
pSsl=h cos | 10.08
ynax=12.6 f¥vam| 16:1c
SCl=
Kres=1 #=5.15

As can be seen from both the graph (in the given window) and the table,
while no y-value exists for x=5, the y-values of the points on either side of
x=5 show y should be 10.

Basically, the limit allows us to factor and cancel before the number "a" is
substitute for x.

OBJECTIVE

Evaluate Limits algebraically.

Evaluate Limits using L’Hopital’s Rule.

Recognize and evaluate Limits which are derivatives.

Use the nDeriv function on the calculator to find numerical derivatives.
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: 24+4x-12
Ex 3 Find iy X toX—12
lim 310

X +4x—12 0
x?+3x-10
fraction must be reduced. And, in fact, one of the factors in each must be
(x — 2), otherwise the fraction would not yield zeros. So,

Since if x =2, ,the function must be factored and the

y x2+4x—12=. (x=2)(x+6)
B2 +3x—10 3 (x=2)(x+5)
x+6

—161_r)r21 x+5

3, .2
Ex4 Find [im 2x +2x —13x+6
x— -3 X" +x—6

. 2x3+x2—13x+6_1. (x+3)(2x2—5x+2)
AT e AT i3)(x=2)
o 2xP-5x+2
_x1—1>n}3 X—2
35
"5
=7
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Ex 5 Find 11m“4 x—2

X2 x—2

Unlike the previous examples, this fraction does not factor. Yet it must
simplify, somehow, to eliminate the Indeterminate Number. If conjugates
are multiplied to eliminate the radicals from the numerator:

e R i) W=
LU fimg (x—2)(VE=x+2)
4—x—2

e 2+ )
X

=2 (x=2)

lim

2—
=2 (x— 2)(«/ﬂ+x/—)

-1
= lim

x—>2 4 — x+\/_
-1

V2+2
-1 2

22 4

Again, notation is very important. Essentially, the limit is the operation you are
performing. Until you have actually evaluated the expression by plugging in the a,
you must still write the notation . Just like you would not drop a square root from
an equation until you actually do the “square rooting”, you don’t get rid of your
limit notation until you’ve actually taken your limit. You will get marked wrong in
this class, on the AP test, and/or in college if you don’t do this.

Fundamentally, a limit is just telling us where a y-value should be for a particular
function. It does not necessarily tell us that the y-value does or does not exist, it
just tells us where it is supposed to be on a given curve.
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Ex 6 For the function illustrated below, find each of the following limits:

y

4 |
y = f(x) , l
/

) lim, £ (x) b) liny  (x) o) lim f (x)

Note that the y-values are on the function f (x), and it doesn’t matter that

we don’t know what f (x) 1s as an equation — it 1s the graph.

a) lim_f (x) =-1 When x — -2, the y-value approaches —1. It

x— -2
doesn’t matter that there is a hole there.

b) lim f (x)=-2 When x — 1, the y-value approaches 2.
¢) lim f(x)=0 Even though there is an actual y-value ( f(3)=1),

the curve heads to the hole (at y = 0)

One of the more powerful tools in Calculus for dealing with Indeterminate Forms
and limits 1s called L’Hopital’s Rule.
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L'Hopital's Rule

fla)_0 e - f(x) ()
If g(a)_aor;,then )lcgr}lm_)lcgr}l g'(x)'

This rule allows us to evaluate limits of functions that do not factor, such as those
that involve transcendental functions.

It is very important to note that this is not the Quotient Rule. Since the original
problem is a limit and not a derivative, the quotient rule is not being used.
L’Hopital’s Rule is a powerful tool to find the limits of quotients.

Derivatives are used in the process of L’Hoépital’s Rule, but a quotient is not
being differentiated, so the Quotient Rule is not being applied!

Note also that some books spell it “L’Hospital’s Rule” — both are acceptable

spellings of the French name.

Ja—x—2
x—2

Ex 5 (again) Find [jm using L Hopital’s Rule.
x—2

T—x-Z _JE=2-7 0

=5 the condition for

Since, atx =0, 1; =
lim =75 2-2

L’Hopital’s Rule is satisfied.

}Cl_rg x—2 Z}Cl_r)% Dx(x—Z)

=)
=lim 24X
x—2 1

-1
22
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Obviously, this is a much faster process than the algebraic one.

Usually, when applying L’Hopital’s Rule, “L’H” is written over the equal sign to
indicate what was done.

Ex 6 Demonstrate that [jm SInY _ g,
x—=0 X

Last year, this limit was used to prove the derivative of sin x. but it was
never proven that the limit actually equals 1. This limit is relatively difficult
to evaluate without L’Hopital’s Rule (and requires a complicated theorem
called the Squeeze Theorem), but it is very easy with L’H.

Atx=0, sinx _ 9, L’H applies.
x 0

. sin x . COS X
lim = lim
=0 X —0 1

=1

Obviously, this is not a proof, because of the circular reasoning. A derivative
whose proof involved the limit was used in what was evaluated.

X2
[ sins®di
Ex 7 Evaluate lim=0——k—.
x—0 X
0
J. sint® dt 0 . .
Atx =0, OT =5 therefore L’Hopital’s Rule applies.
* 4\ (" sing di
. J sine?dt vu gy Io sih
lim=——— = lim
x—0 X x—0 d|:x3i|
dx

According to the First Fundamental Theorem of Calculus,

%[Kz sin#? dt} = sin(xz)2 (Zx) =2xsinx*, and
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li =
xli% d|:x3J x—=0 x2 =0  3x
dx
Since we still get % , L’Hopital’s Rule will apply again:
dr, .
——|2sinx* 2cosx*|(4x’
2] Looseae)
e
dx

674



7.1 Free Response Homework

Evaluate the following Limits.

11.

13.

15.

17.

19.

21.

. X2 +7x+12
xl>n;13 x2—9

.X'2

lim
x—0 tanx

lim x(cot x)
x—0

i x>—1
sy x> +3x—4

. Inx

lim ——

-l tanx
x+4x2-12

m

2 X4+ x?=2x=2

1 cos® x—1
im
¥>1 2¢cos” x—5cos x—7

I 1—x?
1m —=5 <
e ex+1_1

i x+1
1m ——=g
oo | ex+1

X cotx
lim(l + —)
x—0 2

lim csc(x—35)In(x—4)

x—5

10.

12.

14.

16.

18.

20.

22.

. 1l—cosx
lim 5
x—0 X

. 4x—-12
Iim

Jim cscx(1+secx)

X—T

L 12YX =5
xll>l’5l x—6

. 1—sin? x
lim 352 - 7
x>k 38in” x—sin x—

. l+cosx
lim

x—n e —1
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7.1 Multiple Choice Homework

4_ 4
1. Ifa#0,then limX—% is
x—=a xX—a
a) a b)  3a® ¢) 4a°> d) 0 e)  nonexistent
4
2. lim ==Y
=3 x— 3
a) 108 b) 3 c) 81 d 0 e) DNE
2
3. lim = +x-2
x—2 x2 — 4
5
a) " b) 2 c) 0 d) 1 e) DNE
x )| @ ) | )
5
3 0 0 7
4. Given that f(x) is a thrice differentiable, continuous function on the interval

(0, 4) with the table values given above. lirr%( / (x))3 —
X—> x— 3

a 0 b % 0) % d) e) dne

>
6
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-l ¥ —1]
) 0 b e ¢ L 4 - e  Undefined
e
6.  lim—— is
-l Inx
a) 0 b) 1 C) 1 d) e €) nonexistent
e
7. lim X g
x—1 x° —
a -1 b 0 ¢ % d) 2 e) undefined
In X;l)
8. lim
x—3 3_x
a -1 b -+ oo o g L o 1
2 2
2 _
9. 12%)695—4:
L cos(m)dt
a) 0 b 1 ¢ 2 d 4 e DNE
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J:(cosz t)dt

10. 1 _
)161511 sin2x
) -1 b -+ ¢ o0 o Lo
2 2
jxﬁdt
I1.  1lim==2
x—>2x2—4
a) 0 b 2 ¢ 4 d 6 e DNE
e dr
12. 1)(11)111 1)62—1
a)Ob)lc)%d)ee)DNE
x3 5
fcost dt
13, lim*——: =
x—0 X
a)Ob)lc)%d)?;e)DNE
. . h(x)
14. If h(x)= 3(7rt)dt, then 1 =
(x) J9 cos ( ) xlz>r3l3x—9
ay 2 b -1 ¢ _% d -2 ¢ DNE
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7.2: The Limit Definitions of a Derivative

As one might recall from last year, the derivative was initially created as a function
that would yield the slope of the tangent line. The slope formula for any line

Y27 M When considering a tangent line, though, that

Xy =X
equation has too many variables. This can be simplified some by realizing
y=f(x). Considering % to represent the horizontal distance between the points

though two points is m =

and realize that y= f(x), then the two points that form the secant line would be

(x, f(x))and (x+h, f(x+)).

(x+h, f(x+h))

[ (x, ()

Then the slope formula becomes m = f(x+h}z—f(x) or m= Jx+ }2_ J&x)
x+h—x

When h = 0, the points would merge and the secant line becomes the tangent line.

S+ - f(x)
h

PN 0 . )
h=0 gives m= 0’ therefore, },11)% can be used and M enttine = }ll_r)%

will represent the slope of the tangent line.

lim Jlx+ h}z_ ) 1s the derivative.
h—0

Since the derivative rules are already known from the last chapter, this will not be
used too often. What one might see instead is the Numerical Derivative, which
yields the slope of the tangent line at a specific point.
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There are two versions of the Numerical Derivative formula:

The Numerical Derivative

Fa)=tim L =L@ o p(g) i L0+ =)

x—a X —d —>

Often, there are questions on the AP test that look like limit questions, but which
are really questions about recognition of these formulas.

Y ou might notice that the second one is simply the same as the general form for
the limit definition of the derivative where x = a, but the first one looks a little

different.

The first Numerical Derivative is just the slope formula through the points .

3 3
Ex 1 Evaluate |im 2+ h)h ~(2) .
h—0

FOIL the numerator out (using Pascal’s Triangle for ease) and solve this
limit algebraically:

. Q+h¥-)? . 8+12n+3n*+h3 -8
lim =lim
h—0 h h—0 h
. 12h+3h%+h3
=lim
h—0 h
=1jm(12+2h+h2)
h—0

=12

or apply L Hopital’s Rule:
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Q2+ -2 _ . 3Q2+h)°
lim =lim————
h—0 h h—0 1

=3(2)°
=12

1S really f '(2), where

3 3
But the quickest way is to recognize that },ir% (2+h )h 2)

2

f(x)=x. Of course, f '(x)=3xand f '(2)=3(2)" =12.

Ex 2 Evaluate hmln(e-l-%
h—0

i In(e+h)-1_d |
T T dx

(1nx)=-

1
e

x=e x=e

Ex3 Evaluate [y S2*—1
x=2r X—2T

i cosx—lzd
) x=27 dx

(cos x)
x=2r

=—sin(27)
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7.2 Free Response Homework

Evaluate the following Limits.

3
3+h) =27 i
I lim (3+h) =27 2. im 22
h—0 h =T X—TC
3+h 3
3 lim e —e 4 lim 1+sinx
h—0 h =T .XI+E
? 2
COS(n+h)+l Inx—1In2
. i 6. ;
> }111)13 h lclg% x—2
3 lim sinx—sin4 3 lim x—-a’
x—4 x—3 x—a X—Ad
4
R 2(3+h) -162
9 lim o az 10 m ( )
x—a XX —a 0 h

7.2 Multiple Choice Homework

1. Iffis a differentiable function such that f(3)=8 and f'(3)=>5, which of the
following statements must be false?

a)  lim f(x)=38 b) lim f(x):lir?_ f(x) c) i@%%ﬂ
o T o e
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hm 2 -

T T T :
L ) = 0 d -= D t t
5 ) 2 c) ) 2 e) oes not exis

If f(x)=+x*—1, which of the following is equal to f'(3)?

Jx+h) —1-48 b) N () e (N
x=3 h

\[(x+h);—l—\/§ d) im /x2x__13_\/§

lim
h—0

lim
x—3

lim
h—0

x—3

I Vx?—1-48
im———

h—0 x—3

(3
| sin (3+hj A
lim

h—0 h

By Lo By

1 ¢ DNE
4 2 2
) 2()c+h)5 —5(x+h)3—2x5 +5x°
lim =
h—0 h
0 b) 10x° —15x c) 10x* +15x2
d) 10x* —15x2 e) —10x* +15x2
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6.  If f(x)=+x*—1, which of the following is equal to f"(3)?

L oAx2—1-48 _ (x+h)2—1—\/§
I. Im———— I lim
x—3 x—3 h—0 h
N
. %in%,/(3+ h) hl V3 -1

a) I only b) Tonly ¢) [llonly d) TandIl e) ITand III only

e) land I only ac) I, 1II, and III ad) None of these

1 1
tan(4n + hj - tanzn

gy

a) -1 b 2 o d = e 1

x
4

8. Given the graph of f(x) below, tell which of the following are TRUE.

Lo, f (x) —3does not exist. Graph of
lim ———
x—=2 X— 2

L f£(2)=3

ML i f(x)=3

x—2

a) I only b) [ and II only c) IT and IIT only
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d) I, I1, and 111 e) III only

9. Given the graph of f(x) below, tell which of the following are TRUE.

%138 — = Graph of

II. f(2)=1

ML i f(x)=1

x—2

a) I only b) [ and II only c) IT and IIT only

d) I, I1, and 111 e) III only

10.  If the average rate of change of a function f over the interval from x=2 to
x=2+h is given by 4¢" —4sinh, then f’(2)=

ay 0 b 1 ¢ 2 d 3 e 4
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7.3: One-sided Limits and Infinite Limits

Previously, it was said that )lcl_l’)l’cll f(x) 1s basically what the y-value should be when

x =a, even if a 1s not in the domain. For all of the families of functions studied
last year, this was enough. But what if that y-value might be two different
numbers? In a graph of a piece-wise defined function like this,

VASCR2ICRCLD+(3-30(HZ1)

n=0 Y=0

It is not clear whether the y-value for x=1 is 1 or 2. As can be seen from the table
of values, x-values less than 1 have y-values that approach 1 while x-values greater
than 1 have y-values that approach 2:

N
o

1.9
s 1.85

W

Basically, different y-values are achieved from the left and the right of x =1 from
the left or the right.

The algebraic ways to describe these differences are one-sided limits. The symbols
used are:

)}1_%1 f(x) or lim_f(x)
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}Lm_ f(x)reads "the limit, as x approaches a from the left, of f(x)" while
a

lim_f(x) reads "the limit, as x approaches a from the right, of f(x)."
xX—a

In this example, lim f(x)=1 and lim f(x)=2. The lim f(x) does not exist,
x—1 x—lt x—l
because the one-sided limits do not equal each other. The lclg} f(x) does not

exist” means there is not one REAL number that the limit equals.

OBJECTIVE

Evaluate one-sided limits graphically, numerically, and algebraically.
Evaluate two-sided limits in terms of one-sided limits.

Prove continuity or discontinuity of a given function.

Interpret Vertical Asymptotes in terms of one-sided limits.

This concept may be easier to understand visually.

Ex 1 Evaluate each of the limits given the function pictured below.

y
4.__ S I e i i
y=g(x)
2_.__ ..........
......... //' S
x
1 Y

a) lim g(x) b) lim g(x) o lim g(x)  d) g(-2)
¢) lim g(x) f) lim g(x) ¢ lim g(x) h) ()
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) lim g(x) » limog(x) ko lim g(x) D g(2)
a) | b) -1 ¢) DNE d 1

The left and right limits are different because the curve approaches different values
from each side, therefore the does not exist. The actual value of the function () is
1 because that is where the function actually has a value.

e) 0 ) 0 g 0 h) DNE

The left and right limits are the same because the curve approaches the same value
from each side, therefore the is 0 (the y-value the curve approaches). The actual
value of the function () does not exist because that is where the function has no
value (there is a hole in the graph).

-l Dol k) -1 h -1

The left and right limits are the same because the curve approaches the same value
from each side, therefore the is —1. The actual value of the function () is —1
because that is where the function actually has a value.

A limit for a function only exists if the left and right limits are equal. Since this
was not much of a concern for the functions in Precalculus, this fact was pretty
much ignored, but in Calculus (both here and in college) teachers love to deal with
this fact.

lim f'(x) exists if and only if lim f(x)= lim f'(x)

xX—>a xX—a xX—a

X241, if x>—1

Ex 2 Does lim f(x) exist for =
x—>-1 S f() 3—x, if x<-1

For lim f(x) to exist, lim f(x) mustequal lim f(x). The domain states
x—-1 x—-1 x—-1*

that any number less than -1 goes into 3 - x. Therefore,
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Jim /09=lim(3-1)
=3-(-1)
=4

Similarly, numbers greater than -1 go into x* + 1, and

. _ . 2
)c11>r—rl1+ f()C) B xlil—lll (X + 1)
= (=12 +1
=2

You can see that the two one-sided limits are not equal. Therefore,
liml f(x)does not exist.
X—>-

As see in the graph, the two parts do not come together:

Another situation where one-sided limits come into play is at vertical asymptotes.
Here, the y-value goes to infinity (or negative infinity), which is why these limits
are also called Infinite Limits.
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EX 4 Evaluate a) hm 2 and b) lim —— 1-x
x-2 =272 —x

In both these cases, there is a vertical asymptote to consider. The limits,
being y values, would be either positive or negative infinity, depending on if
the curve went up or down on that side of the asymptote. Looking at the
limit algebraically (as opposed to graphically) though:

) 2 2
1 —_— = —=—00
a) lim == =5
Note that the O~ 1s not “from the left” because the 2 i1s from the left, but
rather that x — 2 is negative for any x values less than 2.

.o 1=-x -1
b lim — = = — =400
) Mty

Note in this case that the numerator’s sign affects the outcome (two
negatives make a positive).

Note: It is debatable whether the infinite limits exist or not. It depends on
whether “exist” is defined as equal to a real number or not. Some books would

say that hm

x—27 X —

exists because there is one answer. It just happens to be a

transfinite number. Other books would say hm 2 > does not exist (DNE)

x—27 X —

because the answer is not a real number.

There are certain infinite limits that must be known:

lim — = oo lim —=—ee lim (Inx)=—eo
=0t X =0~ X x—0*
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Summary of Infinite Limit Process

. Determine that [jm f(x)= non—zero
X—a
0
2. Determine whether the 0 is reached through positive numbers or negative

numbers (i.e., “is the 0 positive or negative).

3. Count the number of negative to determine if the °°is positive or negative.
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7.3 Free Response Homework

l. Evaluate each of the following for the graph of f'(x), shown below.

(-7.4)

a)  lim f(x)= b lim f(x)=
0 lim f(x)= D fim 7=
) lim f(x)= b lim f0)=
9  fl-4)= h)  lim f(x)=
N f(0)= Do f3)=

K lim f(x)= b lim f(x)=
m lim f(x)= no f(5)=
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2.

3.

Evaluate each of the following for the graph of f'(x), shown below.

e

—_>

Jlim )= b
f(-2)= e
lim f ()= h
lim f(x)= K
lim flx)= n

ljim 10X 8.

\ |
+ h ;
i 2 \
1

lim f(x)= e lim f(x)=
lim f(x)= £ lim f(x)=
o= )
}ciir%f(x): L £(3)=
lim ()=
o (x—();;L(i)izix)—l)
6 lim
o g
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—2x+1

10.  Given the function f(x)= find each of the following:

x*—=5x-6
a. lim f(x) ®. lim flx) < lim f(x)

d. lim f(x) e lim_f(x)

x—=6~ x——1

7.3 Multiple Choice Homework

1. Afunction f(x)has a vertical asymptote at x=2. The derivative of f(x)is

negative for all x <—2 and positive for all -2 <x. . Which of the following
statements are false?

Lo lmf)=e )= Il f)= e
a) I only b) IT only c) III only
d) TandIIonly e) IT and IIT only

2. Given the graph of the function, f (x), below, which of the following
statements are TRUE?

L. .. oes not exist.
lim f(x)d exis 1\ Graph of /

II. lim f(x) _1

x—1*
III. lim f(x): 3
x—1"
a) I only b) [ and II only c) IT and IIT only

d) I, I1, and 111 e) III only
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3. Given the graph of the function, f (x), below, which of the following
statements are TRUE?

Graph of
I .. oes not exist.
i / (< \
II. .. ..
lim f(x)— lim f(x) S \
x—2* x—2" ‘ \\
11 D
ling /(%) =3
a) I only b) [ and II only c) IT and IIT only
d) I, I1, and 111 e) III only

4. The graph of a function, f, is shown below. Which of the following
statements are TRUE?

Graph of

11. f(2) _9 u /

ML e f (x) does not exist

x—2

a) I only b) [ and II only c) IT and IIT only

d) I, I1, and 111 e) III only
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5. The graph of a function, £, is shown below. Which of the following
statements are TRUE?

Graph of

Lo p(2)>1im £(x)

x—2

L (1) <tim £ (x)

x—2

ML lim f (x) does not exist

x—2

a) I only b) IT only c) I, II, and III

d)  IandIIl only €) IT and III only

6. The graph of a function, £, is shown below. Which of the following
statements are TRUE?

Graph of

Lo - Sx)=7(2)

}cl—lg f(X) > }CIE)I% x—2 Nl
L 1 £(x) =1im £ ()

x—2 x—3
m. o S(6)-7(2) . 7(x)-7(3)

x—2 x—=2 x—3 x—3
a) I only b) IT only c) | L 11, alid III

d)  IandIIl only €) IT and III only
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7. The graph of a function, £, is shown below. Which of the following
statements are TRUE?

Graph of

b tim £ (x)=/(2)

x—2

IL hmf( )—hmf( )

x—2" x—2°

I1I. }EB (x)z ()does not exist

a) I only b) IT only c) I, II, and III

d)  IandIIl only €) IT and III only

8. The graph of a function, £, is shown below. Which of the following
statements are TRUE?

Graph of

IL 11mf( )¢11mf(x)

m o S - (2) i/ (x)-1(4)

a) I only b) I and IIT only c) I, II, and III

d) IT only e) IT and III only
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7.4: Continuity

Continuity basically means a function’s graph has no breaks in it. In general, it is
easier to look at when a curve is discontinuous rather than continuous. There are
four kinds of discontinuity:

Removable Discontinuity Essential Discontinuity
(Lim f(x) does exist) (Lim f(x) does not exist)
f(a) does | ?
not exist [ W e e »
N/ /\ |
Point of Exclusion (POE) Vertical asymptotes

VoM

Point of Displacement (POD) Jump Discontinuity

NB. It will be a great advantage to know the shapes of the graphs of various
equations. Please review Chapter Appendix A.1.
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The formal definition involved limits.

Continuous--Defn: "A function f(x) is continuous at x = a if and only if:
1. f(a) exists*,
11. lim f(x)exists*,
X—a

and il &11)13 f(x)=f(a)."

b

*By “exists,” it means “equals a real number.’

1) "f(a) exists" means a must be in the domain.

ii) "lim f(x) exists" means lim f(x)= lim f(x).
x—a xX—a x—at

iii) "lim f(x)= f(a)" should be self-explanatory.

xX—a

NB. All the families of functions which were explored in PreCalculus are
continuous in their domain.

x2=2x+1, if x>-1
Ex3 g(x)=1 2, if x=—1 Is g(x)continuous at x = -1?
3—x, if x<-1

To answer this question, one must check each part of the definition.
1) Does g(-1) exist? Yes, the middle line says that -1 is in the domain
and it tells us that y =2 if x = -1.

ii)  Does the lim g(x) exist? Yes.

Since both one-sided limits equal 4, then

iii)  Does lim g(x) =g(-1)? No. lim g(x)=4, while g(-1)=2
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So g(x) 1s not continuous at x = -1 because the limit does
not equal the function.

x> =5, if x>0

Ex 4 F =
() x+2, if x<0

Is F(x) continuous at x = 0?7 Why not?

F(x) 1s not continuous at x = 0 because 0 is not in the domain. Notice neither
inequality includes an equals sign.

x+2, if x>-1

Ex5 If G(x)= 3, if x=—1 ,1s G(x) continuous at x = 1?7 Why not?
x2=5,if x<-1
1) Does G(1) exist? Yes, the second line says that 1 is in the domain

(and it tells us that y =3, if x = 1).

i1)  Does the lim1 g(x) exist? No. The two-sided limit only exists if the
X—-

two one-sided limits are equal. But,

The two one-sided limits are not equal. Therefore,

G(x) is not continuous at x = 1, because lig} G(x)does not exist.
X
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7.4 Free Response Homework

l. The graph of f(x)is shown below. Where is f(x) discontinuous and why?

2. The graph of g(x) is shown below. Where is g(x)discontinuous and why?

v

N

Determine if each of the following functions is continuous at x = a and use the
definition to prove it.

x2 =1, ifx>-1
3. f(_X): 0’ l]c_x:—l 5 a=-1
4—x, ifx<-1
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10.

11.

12.

702

x? -1
x>—-4 .
Jf x#2
h(x)= x—2 ca=2
4, if x=2
o
k(x)z 2x+1, if x<-1 Ca=3
3—x%, if x>-1
e
k(x)z 2x+1, if x< 1; _
3—x?, if x>—1
o
F(x) 2x+1, if x<-1 Ca=-1
—x*,  ifx>-1
2x+1, if x>-1
H(x)=4 0, if x=-1; a=-1
—x2, if x<-1
if x <
G(x)— COS X, if x<rm -
x*—nx—1, if x>r1
tan'(x—3) ifx<3
f(x)z ( ) ‘ ; a=3
1—cos(x—3) ifx>3
f(x)= In(1+x) 1fx<0; =0
x%+5x 1ifx>0



7.4 Multiple Choice Homework

1. The function f* is continuous at x = . Which of the following statements
must be false?

a)  lim f(x)DNE  b) limf(x)=/(b) ¢  lim f(x)=lim f(x)

x—b x—b~ x—b*

d)  f(b)is defined e)  f'(b)exists

2. The function f'is not continuous at x = b. Which of the following statements
must be false?

a)  lim f(x)dne b)  limf(x)= /() ©  lim f(x)=lim f(x)

x—b~ x—bt

d) lggl_ f ’(x)z lim f ’(x) ¢)  None of these

x—b

o o -1y’
3. Which of the following is true about the function fif f(x)= M?

2x* —=5x+3
I.  fis continuous at x =1
II.  The graph of fhas a vertical asymptote at x =1
1
III.  The graph of f'has a horizontal asymptote at y = >
a) 1 only b) II only c) III only

d) II and III only e) I, 11, and III
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4. Which function is not continuous everywhere?

a) y=|x b) y=x" ¢) y=vx'+1
X 4x
d = c =
)y R )y 1)
Jx+3-+3x+1
: : _ . B forx#1
5. Iffis continuous at x =1, and if f(x)= v—1 ,
k forx=1
then k =
1 |
a) 0 b) 1 c) > d) ) e) None of these

x> +kx forx<4

6.  Let f bedefined by f (x) = Determine the value of &

4cos(%xJ forx>4
for which is continuous for all real x.

a) -5 b) —4  ©) -3 d) -2 e) None of these
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7. Afunction f(x)has a vertical asymptote at x=2. The derivative of f(x)is
negative for all x <—2 and positive for all -2 <x. . Which of the following

statements are false?

L lim f(x)=—c0

x—-2
a) I only b)

d) TandIIonly

1. lim f(x)=—e L

x—-2"

lim_f(x)=-oo

x—-2
IT only C) III only

e) IT and IIT only

12. The graph of a function, £, is shown below. Which of the following

statements are TRUE?

I. fis continuous at x =3

L lim f(x)= lim £(x)

x—2" x—2°

ML lin% f (x) does not exist
a) I only b)

d) TandIl onlye)

y

Graph of f

/

//

4

IT only c) I, 11, and III

IT and III only
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7.5: Differentiability and Smoothness

The second (after Continuity) important underlying concept to Calculus is
differentiability. Almost all theorems in Calculus begin with “If a function is
continuous and differentiable...” It is actually a very simple idea.

Differentiability—Defn: the derivative exists. F(x) is differentiable at a if and
only if F’(a) exists and is differentiable on /a, b/ if and only F(x) is
differentiable at every point in the interval.

F(x) is differentiable at x=a if and only if

1. F(x) 1s continuous at x=aq,
and 11 lim F'(x)= lim_F'(x)as a real number.
x—a x—at

NB. All the families of functions studied in PreCaculus are
continuous and differentiable in their domains.

OBJECTIVE

Determine if a function is differentiable or not.
Demonstrate understanding of the connections and differences between
differentiability and continuity.

There are two ways that a function would not be differentiable:

L. The tangent line could be vertical, causing the slope to be infinite.

Ex 1 Is y=3x differentiable at x = 0?

dy
If y=3x,then -~ = .
Y , e dx 3 x2/3 dx
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IL. Just as the Limit does not exist if the two one-sided limits are not equal, a
derivative would not exist if the two one-sided derivatives are not equal. That is,
the slopes of the tangent lines to the left of a point are not equal to the tangent
slopes to the right. A curve like this is called non-smooth.

Ex 2 Is the function represented by this curve differentiable at x=1?

y

One can see that the slope to the left of x=1 is 1, while the slope to the right
of x=11s 0. So this function is not differentiable at x=1. This is an example
of a curve that is not smooth.
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COS X, if x<rm ) i
f differentiable at x=7?

Ex3 Is G(x):{ el if xor
G'(x)z —sinx, %'fon'
2x—1m, if x>n1
lim_ G(x)=}grjlr(—Sin x)=0
lim, G‘(x)=)lci_1>1}r(2x—7rx)=27t—7t=7r

X—T

Clearly, these two one-sided derivatives are not equal. Therefore, G(x) is
not differentiable at x =1.

\ / AN
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Ex4 Is h(x) = (x —1)% differentiable at x =1?

h'(x) =%(x—l)_%

4
h'(x)=
)=
4 _4
(1)= -2=DNE.
w(1) syt o 0N

Therefore, 4(x) is not differentiable at x = 1. The graph below illustrates
how the slopes from the left and right aren’t the same.

y

You can always identify if a function is differentiable visually (these are the same
two rules as before):

L If the curve has a vertical tangent, it is not differentiable at that point.

II.  Ifthe curve has a corner (also called a cusp), it is not differentiable at
that point.

If the curve is not continuous, it cannot be differentiable (there is no point at which
to find a slope).
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All four of these examples show functions that are continuous, but not
differentiable. Continuity does not ensure differentiability. But the converse is
true.

If f{x) is differentiable, it MUST BE continuous
and

If f{x) is not continuous, it CANNOT BE differentiable

Ex 5 Given that f(x) = kvx+1, ;j: X S; 1s differentiable at x=3, find m and k.
2+ mx, if x>

k :
— <3
Fx)={ 29 7 *
m, if x>3
C : k 1
If differentiable at x=3, then ————= —k=m.
f(x) 1s differentiable at x SWErS] m—>4 m

If f{x) 1s differentiable at x=3, it is also continuous.

Therefore, at x=3, kvx+1=2+mx

kv3+1=2+m3
2k=3m+2

Since both i k=m and 2k = 3m+ 2 must be true, one can use linear

combination or substitution to solve for k and m.
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1
2k=13| —
k 3[4k]+2
2k=="k+2
k=2

k=——>m=

Do
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7.5 Free Response Homework

1. At what x values is f'(x) not differentiable.

T Graph of f 3 /

2. At what x values is f'(x) not differentiable.

Graph of f 8
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3. At what x values is f'(x) not differentiable.

y

Graph of

4. At what x value is function g not differentiable.

Yy

Graph of g P
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5. Determine if f (x) =3/x? is differentiable or not.

] .
6.  Determine if f(x):{fm ?‘f’ 1:13“1 is differentiable or not.
nx, it x 2

x> -2x+1, ifx<1.

7. Determine if f(x)= {1 . is differentiable or not.
nx, ifx >

x*+2x=5,ifx<1.

8. Determine if f(x)= 1s differentiable or not.
X +x—4,ifx>1

9. Given that f (x)

e+ 2? ifx<l 1s differentiable at x = 1, find m and £.
klnx, ifx>1

10.  Giventhat f(x)= {Zx - f };x = ‘22 is differentiable at x =2, find m and k.
+1, ifx>—

ke, ifx <0

. is differentiable at x = 0, find m and £.
3—mx, ifx>0

11.  Given that f(x)z{

mx—2,1fx<2

kNx® =3, ifx>2

12.  Given that f (x) = { is differentiable at x = 2, find m and £.
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7.5 Multiple Choice Homework

1. Use the graph of fbelow to select the correct answer from the choices below.
Graph of f

a)  f has no extremes b)  f is continuous at x = 2

c)  f is differentiable forx e (0,4) d)  f has arelative maximum at 2

e)  f isconcave up for xe (0,4)

2. The function fis not differentiable at x = 5. Which of the following
statements must be false?

a) lim f(x)dne  b)  limf(x)=/(b) ©  lim f(x)=lim £(x)

x—bt

d)  lim f(x)=lim f*(x) e)  None of these

x—b~ x—bt

3. The function fis differentiable at x = 5. Which of the following statements
could be false?

a)  lim flx)exists  b)  limf(x)=f(b) ©  lim f(x)=lim f(x)

x—b x—=b" x—bt

d) lim f'(x): lim f'(x) e)  None of these

x—b" x—bt
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4. Let mand b be real numbers and let the function f be defined by

2_ <
flx)= 3x*—mx+5 forx<l
mx+b forx>1

If f is both continuous and differentiable at x =1, then

a) m=3, b=2

b) m=3, b=-2
C) m=-3, b=2
d) m=-3, b=-2
€) None of these

5. The function f defined on all the Reals such that

2
flx)=17* +he—3 forx<l " po. which of the following values of k and b
3x+b  forx>1

will the function f be both continuous and differentiable on its entire domain?

a) k=1, b=-3
b) k=1, b=3
d) k=-1, b=3
e) k=-1, b=6
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—x+5, ifx<-2
6. Let f(x)=7 x*+3, if —2<x<1
2x%,  ifl<x

true about f?

L. f 1s continuous at x = 1.

II. f 1s differentiable at x = 1.

II. £ has alocal minimum at x = 0.

a) I only b) I only
d)  IandIIl only €)

. Which of the following statements is

c)

III only

IT and III only

7. The graph of the function f'is shown below. At which value of x is f

continuous, but not differentiable?
y

Graph of f

o b\//;,//
/
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8. Use the graph of f below to select the correct answer from the choices
below.

9 m )=

b)  f is not continuous at x = 3

c)  f is differentiable at x =3

d ()< r(4)

€) lin% f (x) does not exist
9. Let f be the function given below. Which of the following statements are
true about f?

I. lim f (x) exists

x—3

f(x) :{ X+2 ?fx <3 II. fis continuous at x =3
4x—7T ifx>3 11 fis differentiable at x =3

a) None b) lonly c¢) lTonly d) IandIlonly e) L, 11, and III
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10.  Let f'be the function defined below, where ¢ and d are constants. If fis
differentiable at x =2, what is the value of ¢+ d?

f(x):{cx+d 1fx<2

x*—cx ifx>2

a) -4 b)) -2 ¢ 0 d 2 e) 4

11.  Let P(x) and Q(x) be polynomials. Find lim P(x) if the degree of P(x)

= o)

is 5 and the degree of Q(x) is 9.

5 9
= b) — 0 d) DNE
2 5 ) 3 ©) )

e) There is not enough information to answer the question

12.  Use the graph of f'below to select the correct answer from the choices below.
a)  f has arelative maximum at x =3 g
b)  fis continuous at x =3 ot

c)  fisdifferentiable at x =3

d  f(3)<f(3)

e)  None of the above
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13.  If lim f(xz) = f’(2) =0, which of the following must be true?

L f(2)=0
II. f(x) is continuous at x =2
III. f(x) has a horizontal tangent line at x =2

a) lonly b) Illonly c) landllonly d) IIand Il only e) I, II, and III
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7.6: Limits at Infinity and End Behavior

Vocabulary

Limit at Infinity—Defn: the y-value when x approaches infinity or
negative infinity

Infinite Limit— Defn: a limit where y approaches infinity

End Behavior—Defn: The graphical interpretation of a limit at infinity

OBJECTIVE

Evaluate Limits at infinity.
Interpret Limits at infinity in terms of end behavior of the graph.

Evaluating limits at infinity for algebraic functions relies on one fact:

lim —=0
x—100 X

This fact is what led to our general rule about horizontal asymptotes.

1—3x?
Ex 1 Evaluate 1; }
x1—1>l;r<l>° 4x*+3

1—3x?

2

,has a
4x°+3

It 1s already known, from last year, that this function, y=

horizontal asymptote at y= —% Why is this true? Because
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1—3x? 1

| -3 _ . 2
8o 4x2+3 ke 4x?+3 x>0, 3
2

x? X

1
lim —2—3
— X=X
4+ Lim %
X—>— X
_0-3
4+0
3

4

Honestly, one never really needs to do this algebraic process because of the end
behavior rules from last year. These kinds of limits are generally more intuitive
than analytical — while one could do this analytically (as on the previous page), it is
much simpler to understand what is going on and use what is known from last
year.

Ex2 Find |im e¢'and |im e¢* and interpret these limits in terms of the end
p

X—00 X——09

behavior of y=¢*.

lim e*=e™ =00. This means that the right end (+ o) goes up.

X—00
lim e'=e"= 1 _1_0. This means that, on the left (- ), y=¢*has a
xX——09 e o

horizontal asymptote at y = 0.

**NB. The syntax used here—treating oo as if it were a real number and
“plugging” it in—is incorrect. Though it works as a practical approach,
writing this on the AP test will lose you points for process. In particular, this
will come up with Improper Integrals. This will be discussed again in Chapter 7.

There are certain Limits at Infinity (which come from our study of end behavior)
that must be known.
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lim tan™ x:—% and lim tan™! ng

X——00 X—00

lim cot™' x=7m and [im cot™ x=0

X——00 X—00

lim ¢ =0 and |im e*=°°
X—>00 X—>—00

lim €= and lim ¢ =0

X——00 X—00

For y'=ky(A-y) and its solutionyzl%, lim f(x)=A

+ Be X—00

These last two equations are the Logistic Growth equations. These will
discussed further in a later chapter.

Ex 3 Evaluate |im tan™ (x—x3)

X—>00

lim tan™! (x—x3):tan‘1 (;1_{90 (x—x3))

= tan~' (—©9)

While we could go through all the algebraic machinations above, it is easier
to just look at the functions as if we are “plugging in” infinity, and
evaluating each expression as we would in algebra.

In the above case, we would have to recognize that the polynomial is
governed by the highest term (), and when we plug in infinity, we get . Then
we see that we actually have , which is .

Ex 4 Evaluate

When infinity is “plug in”, the result is the indeterminate form, , which
means L Hopital’s Rule applies.

But the result is still , so L’Hopital’s Rule can be reapplied.
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This i1s still , so L’Hopital’s Rule needs to again be reapplied. But what one may

have already noticed is that the numerator’s degree keeps decreasing, while the

denominator stays the same (because it is an exponential function). This means

that eventually, if enough derivatives are taken, the numerator will become a

constant, while the denominator stays an exponential function. This means

eventually the limit will become a constant over infinity, which gives us 0.
Therefore, .

Limits at Infinity often involve ratios and L’Hospital’s Rule can be applied. But
some math teachers consider this to be “using a cannon to kill a fly.” It is easier to
just know the relative growth rates of functions—i.e., which families of functions
grow faster than which. The End Behavior studied in PreCalculus gives a good
sense of order.

The Hierarchy of Functions:

Domain trumps all!!!

1. Exponential functions grow faster than the others. (In BC
Calculus, it will be seen that the factorial function, y=n!,
grows the fastest, but factorials are not continuous functions.)

2. Polynomial, rational and radical functions grow faster than
logarithms, and the degree of the EBM determines which

algebraic function grows fastest. For example, y= X2 grows
more slowly than y= x?.

3. The trigonometric inverses fall in between the algebraic
functions at the value of their respective horizontal asymptotes.

4. Logarithms grow the slowest.

5. Period functions, by nature, do not have the same kind of end

behavior as other families of functions. (See the next chapter.)

The fastest growing function in the combination determines the size
end behavior, just as the highest degree term did so among the
algebraic functions.
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Using the Hierarchy of Functions:

Basically, the fastest growing function dominates the problem and that is the
function that determines the limit. With fractions, it’s easiest to extend the rules
from the end behavior model of last year:

Where a is whatever the functions cancel to. By comparison to a fast function, the
slow function basically acts like a constant. So if you look at it like that, we have
the same rules from the previous two sections,

xe[-3,1]U[2,)

The last rule is essentially the same as the End Behavior Model from last year.

Ex 5 Evaluat im oz and (b) i
X va uae(a) }gg o —95 an ( ) }g}}o x*—Inx

(a) Repeated iterations of L Hospital’s Rule will give the same result, but,

.3
because exponential grow faster than polynomials, (im _)fc ); < -0
x—oo @7 —

(b) Since Vx—x* essentially has a degree of %, the denominator has a
Vx—x?

higher d d i
1gher degree an ;1_1)2) 2 Inx

=0.

EX 6 Use the concept of the Hierarchy of Functions to find the end behavior of:
(a) y=2xe*, (b) y=x In x, and (c)

(a) For y=2xe", the exponential y=¢* determines the end behavior. So
the right end goes up and the left end has a horizontal asymptote at y=0.
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(b) We still must consider the domain, first. There is no end behavior on
left, because the domain is ye (0, 00). For y=x1Inx, y=x dominates, so,

on the right, the curve goes up.

(c) For , the exponential determines the end behavior, but the polynomial
might have an influence. The right end goes up, and the left end goes down.
This 1s because goes up on both ends, but when negative infinity is “plug
in” to the , is multiplied by a negative, so the function goes down.

3
Ex 7 Evaluate a) iy ——— andb) [jmx*Inx

x—>-0 e¥—9 x—0t

a) At first glance, this appears to be a “hierarchy of functions” issue, but as we
“plug in” negative infinity, only the x> matters in the numerator, and e*goes

to zero as x approaches negative infinity. This gives us % which gives us

3
aresult of 1im % —
x1—1>r—r%0 €x —95

b) Zero times negative infinity. This is not necessarily zero! It is an
indeterminate form of a number. Either convert it to a fraction to look at it
with L’Hopital’s Rule or go the more intuitive approach with the Hierarchy
of Functions.

1) L’Hopital’s Rule:

limx*Inx
x—0*

= lim — (this gives negative infinity over infinity)

= lim ——
x—0" 2 x~

 lim L2 =0
x>0t 2

11)  Hierarchy of Functions:

Since x? is a “faster” function than In x, the x* is dominating the
entire expression. It essentially gets to 0 “faster” than the
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natural logarithm reaches negative infinity. Therefore,

lim x> In x=0
x—0*

e +x

Ex 8 Evaluate |jm .

x—o0 2 —5¢
Again, evaluating this by using L’Hdpital’s Rule (because it yields ) or
—00

the Hierarchy could be used. With the Heirarchy of Functions,

lim ﬂ Ignore the x and the 2 because they are

x>0 3 -5e insignificant compared with ¢*.

lim e+x 1 Simply cancel the ¢* leaving us with the final
x—o 2 —5e" 5 1

value of 3

It would have taken two applications of L’Hopital’s Rule to get the analytical
result reached more easily with an intuitive understanding of how these functions
actually behave.
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7.6 Free Response Homework

Evaluate the Limit.

1.

11.

. 1—15x+12x2
lim 5
= 16x% =1

lim (2+e)‘)tan‘1 (x2 +1)

xX—>—oc0

i COSX
x> 18—4x +x°

lim sin x
=== n(—x)

im | tan-! x*+7x*+10x
X0 xX+5

. _cot'x
lim —
xoe et +1]

lim xe*
X——o0

lim ln(tan‘1 (ix + 1]}
X—>o0 e

lim—2 T1
e X —48x

. 245x+1
1 t -1 X +
XHEX,[ an ( x=2

Use limits to determine the end behavior of the following functions.

12.

13.

14.

15.

f(x):(ex +1)(tan_lx3)

_ COSX
Flx) =
_ Inx
f(x)— x—4
In x?
f(x)— 4—x
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7.6  Multiple Choice Homework

. 4x* + 23+ x2 +1
L. lim —— 3 3 =
¥ 3x° —Ox" +4x° +15

) 0 b > o * 9 3 ¢ DNE
4 3
2. If @ and b are positive constants, then lim M =
X—>00 ln(ax2 + 3)
a) 0 b %c) % d 2 o) oo
3 lim Ax*+2x° +x2+1 _
' x> 3x3 —9x? +4x+15
3 4
a) 0 b) ) - d 3 e) DNE
4 3
2
4. lim=
X—>o0 e
a) 0 b) oo C) —oo d) 1 e) e’
ax+b . .
5. If the graph of y= has a horizontal asymptote y =2 and vertical
x+c

asymptote x =—3, then a+c=

a) -5 b) -1 c) 0 d) 1 e) 5
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4n*

6. lim—
n—=p°+10,000n
1
a) 0 b) —— c) 1 d) 4 e) DNE
) ) 5500 ) ) )
. 2\ —x
7. ;2?0(4)6 x)e
a) 0 b) +oo c) 1 d) —oo
8. lim (4x—x2)e_x
X—>—o0
a) 0 b) oo c) 1 d) —oo

9. The figure below shows the graph of a function f(x) which has horizontal
asymptotes of y=3 and y=-3. Which of the following statements are true?

[\/ 4 I. f’(x)<0 forall x>0

_________ STTTTTTTTTTT ML Lim £ (x)=3

a) lonly b) Ilonly c¢) lllonly d) [andIlonly e) L, 11, and III
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Limit and Continuity Test

1. The function fis differentiable at x = b. Which of the following statements

could be false?

a)  lim flx)exists by  limf(x)=£(b) ¢  lim f(x)=lim f(x)

x—b x—b~ x—bt

d) lim f"(x)=lim /'(x) e)  None of these

x—=b~ x—b*

x> +kx forx<5
2. The function f is defined for all Reals such that f( x) =

For which value of & will the function be continuous throughout its domain?

a) -2 b) -1 ¢ % d) | ¢)  None of these

SSin%x forx > 5.
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3. The graph of the function f'is shown below. At which value of x is f
continuous, but not differentiable?

4 /J>
; /
2
pahnw (
~ T X
-3 _2—1? 1 2 3 4 5 6 7
-2

<
4. If 1 (x) _x+2 forxs 3, which of the following statements are true?
4x-7T7 forx>3

L. lin} f (x) exists II. f is continuous at x=3  IIl. f is differentiable at x =3
x—

a)  None b) Tonly c) Ilonly

d) TandIIonly e) I, 11, and III
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5. Which of the following functions is differentiable at x =07

5 .1
a) f(x)=1/1+‘x‘ b) f(x)Z‘x‘ 0) f(x)z x*sin— forx#0
0 forx=0

forx#0 _|ecosx forx<O0
© f(x)_{sinx forx >0

1
d) f(x)= x
0

forx=0

6. lim
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[

) 0 b 1 c)%d)3 ¢) DNE
A 32+ P +1

8. lim 3 3 3 =
x—ee 332 —Ox" +4x°+15

a) 0 b)%c)%d)3 ¢) DNE

9. The graph of a function f is given below. Which of the following
statements are true?

Y
I. lim f(x) B f(z)dne
x—2 x—2
II. . _
III Ilg%f(le_ X
: - ne
limg /()
| | I I
[ I I I
1 X
a) I only b) IT only C) [ and II only
d) I, II, and I1I e) Il and IIT only

734



10.  The graph of a function is shown below.

6+

1/

2+

Which of the following statement(s) is (are) true?

L. lim f(x) exists
x—=27

II. xllgl+ f(x) exists

II. }1_}1121 f(x) exists

a) I only b) IT only c) I and II only
d) I and III only e) I, 1T, and III

735



11. At which x-value is f (graphed above) differentiable but not continuous?

a) 0 b) 1 c) 2 d) 4 e) nowhere
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sin”! [ (x—1)], if x<1
f(x)= 0 , ifx=1

12.
Inx*, ifx>1

a) Is f(x) continuous? Why/Why not?

b)  Is f(x) differentiable? Why/Why not?
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13.  Given the graph of f(x) below, find the values of the following:

O :

|

!

) I

. ]

.
A 0= b A 0=
c.  lim, f(x)= d. f(-3)=
. lim_ f(x)= £ lim, f(x)=
g lim f(x)= h.  f(-1)=
i lim f(x)= oo lim f(x)=
ko lim f(x)= Lo f(1)=
m. o Jlim f(x)= o i S
0. lim f(x)= p- f(3)=
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7.1 Free Response Answer Key

6
4. 1
3
7 3
5
1
0. -
9
3. 2
9
6. 0
19. 61/2
22. 0 23,
2. 2 27,
71
30, 3a? 31,

11.

14.

17.

20.

27

N =

24.

28.

32.

7.1 Multiple Choice Answer Key

1. C 2. D

7. C 8. A

3.

9.

A 4.

D 10.

N —

216

12.

15.

18.

21.

11.

25.

20.

12.
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13. B 14. D

7.2 Free Response Answer Key

1 27 2 -1 3 e 4 0
7 0 8 3a? 9 %a

7.2 Multiple Choice Answer Key

1. D 2. C 3. D 4. C
7. B 8. C 9. D 10. E
7.3 Free Response Answer Key

la) lim_ f(x)=4 b) lim_f(x)=1
) lim f()=dne )  lim f(x)=—0o
g f(-4)=4 h)  lim f(x)=-3
Do f(3)=5 b lim f(x)=-3
m)  lim f(x)=2 n) f(5)=dne

2a.  lim f(x)=-1 b lim f(x)=1
d  f(-2)=1 e.  lim f(x)=2
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D

| —

lim f(x)=2

x—3

lim f(x)=00

x—57

£(0)=dne

lim f(x)=-3

x—0~

lim (x) =dne

x—-2

2

lim f (x)

x—0~



g lim f/(x)=2 h.  f(0)=2

x—0

i limf(x)==2 k. limf(x)=dne
m. }i_)r%f(x)=3 n. }i_)ri;f(x):3

3. —00 4. —00 5. —oo
7. —00 8. —00 9. oo

10a. O

7.3 Multiple Choice Answer Key

7.4 Free Response Answer Key

1. x=-4,0,3,5 2. x=-2,3
3. Lim DNE 4. G(-1) DNE

6. Continuous 7. Lim DNE

9. H(-1) not equal to the LIM 10.
11.  Continuous 12.  Continuous

7.4 Multiple Choice Answer Key

i. lim f(x)=3

10b. O 10c. -oo 10d. +oo 10e. -oo

5 D 6

5. Continuous
g. Continuous
Continuous
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7.5 Free Response Answer Key

1. x=—4 and x=-1

2. x=15%3

5. Not differentiable, % dne. 6. Not continuous.
x

7. Notdifferentiable, f'(1")# f'(1*). 8.  Differentiable

9.  m=-2k=-2 10. m=—6 k=2

5 1. m=-6,k=3

12. m=
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7.6 Free Response Answer Key

1 % 2.0 3
5.0 6. oo 7
9, g 10. % 11.

12. HA y= —g on Left, Up on the left

13. HAaty=0 14.
15. HAaty=0on Left

7.6 Multiple Choice Answer Key

4 ln(E
g. _I
2

HA aty =0 on Right

1 A 2 E 3 E 4 A 5. E 6
7 A 8 D 9 D

Chapter 7 Practice Test Answer Key

1 E 2 E 3 A 4 D 5. E 6
7 C 8 C 9 C 10. C I1. E

12a.  f(x) is continuous b.  f(x) is not differentiable

13a. 4o 13b. 4o 13c. +o 13d. DNE
13e. 2 13f. 1 13g. DNE 13h. 0

131 2 135. 2 13k. 2 131

3
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